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Abstract
Hot and dense astrophysical environments such as the early universe, core collapse
novae and binary neutron star mergers generate dense neutrino gases which can subsequently have an important e↵ect on processes which occur in these environments.
In this thesis we will present the results from several numerical simulations of these
gases particularly in cases which are relevant to core collapse supernovae. These simulations employ fewer imposed spatial symmetries than those used in earlier works,
and provide insight into behavior which may be expected to occur in three key regions of the explosion. We observe that when the neutrino gas develops fine scale
spatial structure an equilibration of the flavor content also obtains on average. We
also observe that when flavor conversion develops in regions of low neutrino number
density, the gas does not display the development of fine scale spatial structure, and
instead a spectral split is obtained similarly to more symmetric simulations. Finally,
at high number densities, the gas forms dynamic flavor oscillation waves which can
redistribute and transport the electron lepton number content of the gas.
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Chapter 1
Introduction
The standard model (SM) of particle physics provides a framework for describing
the interactions between fundamental particles. The physical evidence indicates that
there are two distinct types of fermion which are distinguished by whether or not they
participate in the strong interaction. The first type are the quarks which do interact
strongly. The leptons do not interact strongly and are further subcategorized into
two groups: the charged leptons and the neutrinos. The charged leptons in order of
increasing mass are the electron (me ⇡ 0.511 MeV), the muon (mµ ⇡ 105.66 MeV)
, and the tau particle (m⌧ ⇡ 1776.86 MeV) [1].
The charged leptons carry an identical unit of electric charge while the neutrinos
carry no electric charge. As such the charged leptons participate in both the electromagnetic and weak interactions while the neutrinos only interact weakly. (Both
also interact gravitationally, but this is irrelevant to our following discussions.) The
SM also assumes that the neutrinos are massless particles [1, 2].
Neutrinos also come in at least three di↵erent types called “flavors” which are
paired in weak interactions with a corresponding charged lepton partner. The three
types are named in accordance with the charged partner, and the flavors are the
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electron neutrino (⌫e ), the muon neutrino (⌫µ ), and the tau neutrino (⌫⌧ ).

1.1

Neutrinos as Astronomical Messengers

Neutrinos are important astrophysical messengers. They are produced copiously in a
wide range of environments of interest. They are created both in nuclear and particle
decays, and in more exotic processes such as plasmon decay ( ! ⌫ ⌫¯), and nucleusnucleus neutrino bremsstrahlung (N N 0 ! N N 0 ⌫ ⌫¯). Because of their infrequent and

weak interactions with matter, neutrinos are ideal messengers for observing physics
which would otherwise be concealed from our view. For example, it is estimated that
an electromagnetic signal generated in the core of the sun may take in excess of 104
years to escape due to the extremely high opacities of the plasma [3].
Because neutrinos interact only weakly, we can estimate their mean free path for
the relevant energy scales (E⌫ . 1 GeV). Weak scattering has a cross section which
is given approximately as [3, 2, 4]:
W

⇠

G2F E 2

⇡ 5.23 ⇥ 10

44

5

2

In this expression GF ⇡ 1.166 ⇥ 10

GeV

✓

E
1 MeV

◆2

cm2 .

(1.1)

is the Fermi constant, and E is the

center-of-momentum energy of the neutrino/target pair. We can use Eq. (1.1) to
estimate the mean free path of a neutrino in a medium of targets where the number
density of targets is nT .
For this simple estimation, the mean free path is given as
✓
◆2 ✓
1 MeV
1 mol · cm
1
19
¯
` ⇠ ( W nT ) ⇡ 3.17 ⇥ 10
E
nT

3

◆

cm.

(1.2)

This mean free path is approximately one light year (1019 cm) in length for number
(or equivalently mass) densities which are characteristic of terrestrial planets or even
most stellar environments. The simple inverse proportionality of Eq. (1.2) on the
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density of targets tells us that it is only in the most extreme environments where the
densities are high enough that a neutrino can experience any significant scattering.

As the number densities of targets in the core of the Sun are only a few hundred
moles per cubic centimeter, the Sun is incapable of trapping neutrinos. Instead the
neutrinos created in the solar core promptly exit and travel to us. We can measure
the solar neutrino spectrum and utilize it to constrain models of the possible physics
processes which take place in the solar interior.

Initial measurements of the solar neutrino spectrum found a net deficit in the
number of electron neutrinos compared to what was expected [5]. The Homestake
experiment conducted by Davis observed approximately one third of the expected
electron neutrino flux predicted by Bahcall’s model of the Sun. The initial deficit observed by the Homestake experiment was observed over two decades of measurement
[6]. It was also subsequently confirmed by other experiments such as Kamiokande in
Japan [7] and SNO in Canada [8]. The explanation for this deficit is now understood
to be the resonant conversion of electron flavor neutrinos into muon and tau flavor
neutrinos by the famous coherent MSW e↵ect to be explained in the next chapter.

The MSW e↵ect is important when neutrinos evolve in the presence of large
number densities of electrons. This e↵ect is essentially an index of refraction which
depends on the leptonic flavor of the medium in which the neutrinos propagate.
Similar refractive e↵ects are important when neutrinos propagate in a dense medium
of other neutrinos. Such environments occur in core collapse supernovae, binary
neutron star mergers and in the very early universe. This thesis will focus on studying
these dense neutrino gases, particularly those which occur in supernovae, but our
discussions are not exclusive to supernovae.

3
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1.2

Supernova Neutrinos

The end of life of massive stars is characterized by an explosive event of astonishing
magnitude. When stars greater than about 8 solar masses reach the end of their
stellar lives their inner cores exhaust their nuclear fuel and become unstable against
graviational collapse. With the fuel spent, the core cannot efficiently produce the
pressure which keeps the core in hydrostatic equilibrium. When this occurs, the core
shrinks from approximately 10, 000 km to 100 km in a fraction of a second. During
this process the core reaches approximately nuclear density and the strong nuclear
force and degeneracy e↵ects rapidly sti↵en the equation of state which halts the
collapse.
Once this dense core has formed (called a proto-neutron star or PNS), infalling
material rebounds and forms an outgoing shockwave which destroys the star and
hurls the rest of the material in the outer layers of the star away from the hot,
dense PNS. Such an event is called a “core-collapse supernova” (often abbreviated
“CCSN”) and a CCSN can briefly out-shine its entire host galaxy. These CCSNe
provide an energetic environment rich in unbound neucleons and are thought to be
one of the primary crucibles in which atomic nuclei heavier than iron are forged
[9, 3, 10, 11, 12].
The core collapse process releases the initial gravitational energy in the core as
it contracts from its initial radius Rcore ⇠ 104 km to a PNS with radius RPNS ⇠ 100
km. The released energy is approximately
E⇠

GM 2
⇠ 1053 erg.
RPNS

As in our Sun’s core, the opacities around the PNS core are too high to efficiently
radiate away the released energy electromagnetically. In these events, more than
99% of this energy is released in the form of neutrinos [12].
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Simulations of CCSNe have difficulty producing a successful explosion after the
material bounces o↵ of the PNS core producing a shockwave [10, 11, 12]. This is, in
part, due to the shock dissociating nuclei as material falls through it. As material falls
through the shock front, the nuclei are photodissintegrated into free nucleons and
alpha particles. This dissociation saps approximately 1.5 ⇥ 1051 ergs from the shock
per 0.1M of dissociated material [3]. This results in significant energy loss from the
shock front which can cause it to fail to unbind the star in numerical simulations.
Neutrinos may play an important role in the successful explosions which are
regularly observed by astronomers, yet which have been difficult to successfully
simulate. It is currently thought [12] that the shock may be driven by neutrinos
emitted from the PNS by depositing energy via the stimulated beta decay process
⌫e + n ! p + e ,
or through the inverse beta decay of a proton via
⌫¯e + p ! n + e+ .
The stimulated beta decay process has no threshold on the neutrino’s energy to take
place, as

mnp ⌘ mn

mp ⇡ 1.29 MeV, but the inverse beta decay process requires

a neutrino of kinetic energy E⌫ >

mnp + me ⇡ 1.8 MeV in the rest frame of the

proton.
The typical energies of neutrinos emitted from the PNS during a CCSN are
of order 10 MeV [12, 13], thus both beta decay processes will result in deposition
of energy from the neutrino component of the explosion to the bulk matter. As
the neutrinos carry so much energy, if only a small fraction is transferred from the
neutrino gas to the matter profile a successful explosion might be obtained.
Neutrinos also play an important role in understanding how nucleosynthesis processes might occur during the course of a CCSN. The beta decay processes above
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influence the relative number densities of electrons, protons, and neutrons present
during the evolution of the CCSN. The relative abundances of heavy elements created
by r-process nucleosynthesis are very sensitive to the nucleon and electron number
densities [14].
As both shock revival and r-process nucleosynthesis are sensitive to the ⌫e content
of the neutrino gas, it is important to understand how the leptonic flavor content of
the neutrino gas is distributed. As neutrinos can change flavor through several mechanisms (to be discussed in the next chapter), understanding the flavor evolution of
the dense neutrino gas presents an important challenge to a complete understanding
of CCSN events.
In this thesis, we will work to understand how neutrino-neutrino coherent forward
scattering can influence the flavor evolution of the dense neutrino gas which forms
in CCSNe. We will do so by expanding on the results of previous work in this
subject, primarily through relaxing previously imposed symmetries and simulating
the coherent evolution of the flavor content.
In Ch. 2 we will review the three primary mechanisms by which the neutrino
gas can coherently change its flavor content. In Ch. 3 we will present the results
of numerical simulations which survey the the self-coupled neutrino gas in a simple
2D Cartesian geometry. In Ch. 4 we simulate the evolution of the flavor content of
the gas in an intrinsically two-dimensional circular geometry. We demonstrate the
gas displays behavior characteristic of the one-dimensional simulations while also
retaining behavior seen in the two-dimensional Cartesian geometry.
Chapters 3 and 4 represent the neutrino gas as it may evolve in a region at r ⇠ 100
km in a CCSN. In Ch. 5 we will present the results of two simulations of the dense
neutrino gas in the boundary region where the neutrinos are just decoupling from
the PNS.

6
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Finally, in Ch. 6 we will present our concluding remarks and our outlook for
future directions in this research. Lastly, in the appendices we will present some
technical details on the implementation of our numerical simulations.
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Chapter 2
Neutrino oscillations
The standard model of particle physics assumes a massless neutrino, but it is now
believed that the neutrinos do, in fact, have mass. While the mechanism by which
the neutrinos acquire mass is uncertain, observations of flavor changing processes are
consistent with neutrinos possessing at least two unique nonzero mass states. In this
chapter, we will discuss the di↵erent ways that neutrinos can coherently change their
lepton flavor content. The most famous method by which they can undergo flavor
conversion depends critically on di↵erences between the neutrino masses, implying
that they are not all zero.

2.1

Vacuum oscillations

In a vacuum, the propagation of neutrinos is governed by the free particle Hamiltonian described through the energy-momentum dispersion relation given by special
relativity as
E=

p

p2 + m2 .

8

(2.1)
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Observational evidence from the decay spectrum of tritium and from measurements
of the cosmic microwave background (CMB) set an upper limit on the neutrino
mass scale. From the kinematics of tritium decays, the KATRIN collaboration
observed an upper bound on the electron neutrino mass of m⌫e  1 eV [15]. CMB
measurements place a more stringent (but model dependent) upper bound on the
sum of the neutrino masses of [16]
X
i

m⌫i  0.1 eV.

(2.2)

So the observations indicate that if the neutrino masses are nonzero, they are miniscule in comparison to the lightest of the charged fermions (the electron has a mass
of 511 keV [1]).
In all relevant cases, neutrinos are emitted with momenta far exceeding their tiny
masses in magnitude. Using this, we can expand Eq. (2.1) in a Taylor series about
m2 = 0, and express the Hamiltonian to leading order in m2 /p2 as:
H =E ⇡p+

m2
.
2p

(2.3)

In the mass (vacuum) basis, there exists a unique dispersion relation for each
mass state. We can express the vacuum Hamiltonian in terms of these mass states
with eigenvalues mi . In doing so, and by dropping the overall trace term p from the
Hamiltonian in Eq. (2.3), we replace m2 with
0
m2
B 1
B
M2 = B
m22
@

1
m23

C
C
C.
A

(2.4)

The evolution of a neutrino state |⌫i is governed by this Hamiltonian through a
Schrödinger equation in the form:
M2
d
i |⌫i = H|⌫i =
|⌫i.
dt
2E
9

(2.5)
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In the above we have again utilized that the neutrinos are ultrarelativistic which
allows us to express E = p. This arbitrary neutrino state |⌫i can be expressed as
a linear combination of mass states |⌫i i with masses mi corresponding to the three
diagonal entries of the mass matrix M 2 .

The states emitted through the weak interaction (flavor states) can be written as
linear combinations of the mass states. In doing so we introduce
X
⇤
|⌫↵ i =
U↵,i
|⌫i i.

(2.6)

i

In Eq. (2.6), Greek letter indices indicate flavor states with ↵ 2 (e, µ, ⌧ ) and Latin
indices indicate mass states with i 2 (1, 2, 3). The mixing coefficients U↵,i are
elements of the unitary Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix.
Neutrinos will generally be created in a weak interaction flavor states. After they
are produced, they then propagate with velocity v = 1 some distance L = t and
their flavor development will be governed by the vacuum Hamiltonian. At a detector
they will be detected through another weak interaction We can investigate the simple probability of a neutrino emitted in a given flavor state initially (|⌫(0)i = |⌫↵ i)
being measured in another flavor state (|⌫ i) at L. This is given by a straightforward application of the suitably exponentiated Hamiltonian to the initial condition
expressed in the mass basis. We find that
X
⇤
P⌫↵ !⌫ = |h⌫ |⌫(L)i|2 =
U ,i U↵,i
U ⇤,j U↵,j e

i

m2
ij
2E

L

(2.7)

i,j

As the PMNS matrix is not diagonal and if at least one of the masses in the vacuum Hamiltonian is nondegenerate with the other two, then Eq. (2.7) demonstrates
that oscillations away from the initial emission flavor will be observed as a function
of the propagation distance away from the emission source of neutrinos.
In Eq. (2.7) expression,

m2ij ⌘ m2i

m2j . This leads us to observe that we

are fundamentally unable to extract information about the overall mass scale of the
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neutrinos through an oscillation experiment. This is because the dependence of the
probability of measuring a particular neutrino flavor on the neutrino masses only
comes as the di↵erences of the masses.
The PMNS matrix (UPMNS ) is a unitary matrix and can be parameterized in
terms of three mixing angles between the mass states ✓12 , ✓13 , ✓23 . Furthermore, if
the CP symmetry is violated, the PMNS matrix also contains a CP-violating phase
term expressed as ei .
The explicit form of the PMNS matrix is
0
10
10
1
0
0
c13
0 s13 e i
c
B
CB
C B 12
B
CB
CB
UD
c23 s23 C B 0
1
0 C B s12
PMNS = B0
@
A@
A@
i
0
s23 c23
s13 e 0
c13
0
0
c12 c13
s12 c13
B
B
= B s12 c23 c12 s23 s13 ei
c12 c23 s12 s23 s13 ei
@
s12 s23 c12 c23 s13 ei
c12 s23 s12 c23 s13 ei

s12 0
c12
0
s13 e

1

C
C
0C
A
1
1

i

C
C
s23 c13 C .
A
c23 c13

(2.8)

In this expression, we have adopted the common shorthand notation cij = cos(✓ij )
and sij = sin(✓ij ) commonly found in the literature. Lastly, we have also introduced
the superscript “D” to indicate that this mixing matrix characterizes the mixing of
Dirac neutrinos. We’ll discuss this further in the next section.

2.1.1

Antineutrino oscillations

In the standard model, neutrinos are massless particles, but experimental evidence
strongly supports the claim that they do in fact have mass. While the neutrino
masses are much smaller than all of the other fermions, the fact that that they are
nonzero is an interesting observation of physics beyond the standard model.
There are two valid theoretical mass terms [3] the neutrinos due to their vanishing
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electric charge. The first is a Dirac mass with a form:
LM
Dirac =

M ⌫¯⌫

(2.9)

This term allows the neutrino and antineutrino to be distinct degrees of freedom in
the theory. However, neutrinos could also be Majorana particles in which case their
mass term would take the form:
LM
Majorana =

i
M ⌫T
2

2 0⌫

+ h.c.

(2.10)

If the neutrinos are Majorana, antineutrinos are interpreted as simply the positive
helicity component of the neutrino field. In both of these expressions, the mass
matrix M is a diagonal matrix and the neutrino fields ⌫ are expressed in the mass
basis.
In the case that the neutrinos are Majorana, the unitary PMNS matrix acquires
three additional phases. The PMNS matrix for the Majorana case UM
PMNS is related
M
D
i↵1 i↵2 i↵3
to the Dirac case UD
, e , e . However,
PMNS through UPMNS = UPMNS ⇥ diag e

using Eq. (2.7) it is clear that these phases can have no e↵ect on the probability of
measuring a neutrino transitioning from flavor state ⌫↵ to flavor state ⌫ .
In order to find the equivalent expression to Eq. (2.7) for the antineutrinos it
is important to note that a CPT transformation should transform neutrinos into
antineutrinos of the opposite helicity and reverse the measurement order. Formally
this is seen to be
P⌫↵ !⌫

CPT

! P⌫¯

!¯
⌫↵ .

(2.11)

Using this expression, we can see that the probability of measuring ⌫¯↵ ! ⌫¯ is given
simply as Eq. (2.7) with ↵ and
P⌫¯↵ !¯⌫

interchanged. Explicitly, it we see
X
m2
ij
⇤
= |h¯
⌫ |¯
⌫ (L)i|2 =
U↵,i U ⇤,i U↵,j
U ,j e i 2E L .

(2.12)

i,j

Now we can use the fact that i and j are summation dummy indices so exchanging
them should leave the probability expression invariant. When we do so, we will
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recover
P⌫¯↵ !¯⌫ =
Finally, we note that

X

⇤
U↵,j
U ,j U↵,i U ⇤,i e i

m2
ji
L
2E

.

(2.13)

j,i

mji =

mij . Using this we can absorb the minus sign

in the exponential and find
P⌫¯↵ !¯⌫ =

X

⇤
U↵,j U ⇤,j U↵,i
U ,i ei

m2
ij
2E

L

.

(2.14)

j,i

Using this as our final expression for the oscillation probability, it is clear that
the only di↵erence between the neutrino oscillation probability in Eq. (2.7) and
the antineutrino case in Eq. (2.14) is the sign of the mass squared di↵erence to
energy ratio. Going forward we will simply use Eq. (2.7) for both neutrinos and
antineutrinos, and we will substitute negative energy into the expression when dealing
with antineutrinos. This will prove to be a useful substitution conceptually in later
chapters.
Finally, using the parameters from nu-fit.org (which summarizes the review of
[17]) we can plot the probability of measuring a given neutrino in flavor ⌫↵ given that
it was emitted in flavor ⌫e . These probabilities are presented in Fig. 2.1. The large
amplitude slow oscillation of the ⌫e probability is due to the relatively large mixing
and the smaller mass splitting in the ⌫1 /⌫2 sector, while the smaller amplitude more
rapid oscillations are due to the relatively smaller mixing and the much larger mass
splitting in the ⌫1 /⌫3 sector.

2.1.2

The two flavor approximation

While the o↵-diagonal elements of the PMNS matrix are significantly larger than
the o↵-diagonal elements of the CKM matrix (which governs flavor mixing in the
quark sector), the mixing between the first and third mass sectors is much smaller
than the mixing between either the first and second or the second and third. Using
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Figure 2.1: Probability of measuring a neutrino in the flavor state ⌫↵ given that
it was emitted in the electron flavor state ⌫e . This assumes the neutrino mixing
parameters from nu-fit.org as of July 2019. It also assumes a 1 MeV neutrino and
that this neutrino has a velocity v = c = 1.

the current best-fit parameters from nu-fit.org [17], the magnitude of the PMNS
matrix elements are given by
0
1
0.797 ! 0.842 0.518 ! 0.585 0.143 ! 0.156
B
C
B
C
|UPMNS | = B0.235 ! 0.484 0.458 ! 0.671 0.647 ! 0.781C .
@
A
0.304 ! 0.531 0.497 ! 0.699 0.607 ! 0.747

(2.15)

In this expression, the range indicated by the arrows is the upper and lower 3 range
of the best fit after marginalizing over mass ordering [17].
Though the mixing between the di↵erent mass states is not generally negligible,
the mass squared di↵erence between ⌫3 and ⌫1/2 is much larger than the mass squared
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di↵erence between ⌫1 and ⌫2 . The current best fit values are (in the normal ordering)
m231 ⇡ 2.523 ⇥ 10
squared di↵erence

3

eV2 and

m221 ⇡ 7.39 ⇥ 10

5

eV2 [17]. The sign of the mass

m3i is currently unknown, and as such it is ambiguous whether

the di↵erence is between the 3 and 1 mass states or the 3 and 2 mass states. This
is known as the mass ordering problem, and we will discuss it further in the next
section. It is clear that

m231 ⇡

m232

m221 .

In the two flavor approximation, the PMNS matrix loses its CP-violating phases,
and only has a single mixing angle. Furthermore, it is characterized by only a single
mass splitting, and the vacuum flavor transition probabilities simplify significantly.
In the two flavor case we find that the probability of transitioning between ⌫e to ⌫⌧
to be given by the expression
P⌫e !⌫⌧ = |h⌫⌧ |⌫e i|2 = sin2 (2✓vac ) sin2
In this expression
!=

| m2 |
2E

⇣! ⌘
L .
2

(2.16)

(2.17)

is the vacuum oscillation frequency which results from the splitting of the two neutrino masses. In the two flavor approximation there is only one mixing angle denoted
✓vac above. We will always take the mass splitting appearing in the vacuum oscillation
frequency as a positive quantity in the two flavor approximation. We will address
the possibility of the mass splitting being negative in the subsequent sections.

2.2

The E↵ect of Matter

When neutrinos propagate through an evironment which contains other fermions,
the neutrinos can scatter o↵ of those fermions. In Ch. 1 we demonstrated that these
scattering events take place very rarely in all but the most extreme environments.
Scattering generally changes the momentum of both the neutrino and the target
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fermion, but the neutrinos can also undergo coherent forward scattering in which no
momentum transfer takes place analogously to the way that light coherently forward
scatters on all of the charged particles in a medium to acquire an index of refraction.
In such cases, all possible scattering events must be taken into account and the e↵ect
of each scattering process must be added coherently to the evolution of the neutrino
wave function. If we express a given wave function in the flavor basis as
|⌫i = ce |⌫e i + cµ |⌫µ i + c⌧ |⌫⌧ i

(2.18)

then we can investigate how each flavor component participates in forward scattering
with a fermion.
f

f

f
Z
Z
f¯

¯

Figure 2.2: Tree-level Feynman diagrams which contribute to the neutral current
coherent forward scattering Hamiltonian.

The Hamiltonian density for the neutral current component of the coherent forward scattering process is generated by the Feynman diagrams in Fig. 2.2. As the
neutral current is blind to the flavor components of the neutrino, each flavor component will evolve with the same phase when summed over all of the available environmental fermions. As an overall phase of the neutrino wave function is irrelevant,
the neutral current coherent scattering o↵ of all of the other environmental fermions
is irrelevant to the flavor development of the neutrinos under consideration (with a
notable exception to be discussed in 2.3).
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However if the environment contains charged leptons then there also exist diagrams which generate contributions to the charged current Hamiltonian density.
The relevant Feynman diagrams for both neutrinos and antineutrinos are shown in
Fig. 2.3. In almost all environments we are interested in, the only charged leptons are
e

e

e
W

e

±

W±
e

e

e

e

Figure 2.3: Tree-level Feynman diagrams which contribute to the charged current
coherent forward scattering Hamiltonian.

electrons. If the energies or temperatures were high enough to allow for muons to be
present in significant number densities then similar charged current diagrams would
need to be included for the coherent forward scattering of the muon component of
the neutrinos with the charged muons in the background.
Given that only electrons are present, the left diagram in Fig. 2.3 generates
an e↵ective potential which applies only to the electron flavor component of the
neutrinos [3]. This involves carrying out averaging over all of the electrons in the
background resulting in the e↵ective potential
=

p

2GF ne .

(2.19)

In the above, ne is the local electron lepton number density. The second diagram
in Fig. 2.3 generates the e↵ective potential for the antineutrinos, which after some
analysis takes the same form as Eq. (2.19).
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In the two flavor limit the neutrinos and antineutrinos evolve governed by the
net e↵ective Hamiltonian which is the sum of the vacuum and matter Hamiltonians.
In the flavor basis, the two basis kets are represented as
0 1
0 1
1
0
|⌫e i = @ A , and |⌫⌧ i = @ A .
0
1

(2.20)

The governing equations of motion in the two flavor approximation are
✓
◆
d
! cos(2✓vac )
i | ⌫i =
3 + ! sin(2✓vac ) 1 | ⌫ i
dt
2
✓
◆
d
+ ! cos(2✓vac )
i | ⌫¯ i =
! sin(2✓vac ) 1 | ⌫¯ i.
3
dt
2
In this system of equations, the neutrino wave function |
|

⌫i

⌫i

(2.21a)
(2.21b)

has two components

= ce |⌫e i + c⌧ |⌫⌧ i where ce and c⌧ are complex coefficients which satisfy |ce |2 +

|c2⌧ | = 1. Lastly, ! is the vacuum oscillation frequency as given in Eq. (2.17), and
E = |~p|. Also observe that the only di↵erence between the neutrino and antineutrino

is the sign of terms involving !. This follows from treating antineutrinos as simply
neutrinos with negative energies as was discussed at the end of subsection 2.1.1.

2.2.1

The MSW e↵ect

As we mentioned in Ch. 1, initial observations of the solar neutrino spectrum displayed a distinct lack of electron flavor neutrino observations. In order to understand
why this is the case, we can utilize the two flavor approximation, considering the mass
splitting in the ⌫1 /⌫2 sector, and analyze what e↵ect of a spatially varying matter
profile has on the flavor evolution of the neutrino wave function.
Most of the nuclear fusion processes take place in the hot dense solar core.
Furthermore, almost all of the neutrinos produced are of the electron flavor type,
as the primary production processes involve the conversion of a proton to a neutron
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through the emission of a positron and an electron neutrino. With that in mind, we
can begin to investigate the behavior of the first equation in Eq. (2.21).
In our Sun, the electron number density as a function of radius is modeled [9] by
the expression
ne (r) = ne,0 e

r 10.45
R

.

(2.22)

For this simple approximation, we will assume that the neutrinos travel radially
outward from r = 0 in the solar core to r ! 1 to Earth. The electron number
density at r = 0 is ne,0 = 245NA cm
Next, we’ll define (r) =

p

3

where NA is Avogadro’s number.

2GF ne (r), and at r = 0, (0) ⇡ 0.094 km 1 , and using

the mixing in the ⌫1 /⌫2 sector, the vacuum oscillation frequency is ! ⇡ 0.019 km 1 .

The radial evolution of the neutrino wave function is governed by (assuming v = c)
✓
◆
d
(r) ! cos(2✓vac )
! sin(2✓vac )
i | ⌫i =
(2.23)
3+
1 | ⌫i
dr
2
2
Initially, (0)

!, so that Eq. (2.23) simplifies to idr |

⌫i

⇡

1
2

3 | ⌫ i.

If |

⌫ (r

=

0)i = |⌫e i then it is an eigenket of the evolution and will therefore experience no
flavor transition for as long as

!, instead it will only develop a complex phase.

When (r ! 1) ⇡ 0, the system develops only under the action of the two flavor
vacuum Hamiltonian and will experience flavor oscillations with frequency !. In the
intermediate regime, it is useful to define a local e↵ective mixing angle. In doing so,
we can define a local “heavy” and local “light” mass eigenstate corresponding to the
larger and smaller of the local eigenvalues of the Hamiltonian respectively.
We will define
! sin(2✓v )
.
(2.24)
(
! cos(2✓v ))
With this, we can express the local “(H)eavy” and “(L)ight” mass eigenstates as
tan(2✓(r)) =

|⌫H i = sin(✓(r))|⌫e i + cos(✓(r))|⌫⌧ i

(2.25a)

|⌫L i =

(2.25b)

cos(✓(r))|⌫e i + sin(✓(r))|⌫⌧ i
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This definition of the local mixing angle matches with our asymptotic analysis above.
Eq. (2.24) indicates that ✓(r) ⇡ ⇡/2 when

!. In this case, |⌫H i ⇡ |⌫e i which

we argued was in fact an eigenket of the Hamiltonian in the dense matter limit.
Furthermore, Eq. (2.24) gives ✓(r) = ✓v in the absence of matter.
While this substitution produces the correct limiting behavior of the system, these
local mass states are not general solutions to Eq. (2.23) unless the system develops
adiabatically. In this case, a neutrino initially emitted in the electron flavor state is
also initially in the local heavy mass state. As the system develops adiabatically, the
neutrino state will remain in the local heavy mass state until, at r ! 1, it exits the
Sun in the heavy mass eigenstate of the vacuum Hamiltonian.
The criteria for adiabaticity is given by [18], (or [19, 3] for review)
! cos(2✓v ))2 + ! 2 sin2 (2✓v )
! sin(2✓v )

(

In this expression,

c

is the value of

3/2

d
dr

1

1.

(2.26)

c

which produces the smallest splitting in the

instantaneous eigenvalues. This is the region where the adiabaticity is most critical
to avoid jumping from the instantaneous heavy to light mass states. This minimum
is achieved at the value r ⌘ rc such that

c

⌘ (rc ) = ! cos(2✓v ).

The probability of measuring an electron flavor neutrino at location r predicted
from the adiabiticity of the evolution of the system is then given by the expression
P ⌫e =

1
(1 + cos(2✓(r)) cos(2✓i )) .
2

(2.27)

Here, ✓i is the local mixing angle at r = ri , the radius at which the neutrino
originated.
We can now employ the solar model given in Eq. (2.22) to predict the probability
of neutrinos emitted at r = 0 deep within the Sun as electron flavor neutrinos here
on Earth. We numerically solve Eq. (2.23) using |
20
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= 0)i = |⌫e i, and we also
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Figure 2.4:
Resonant conversion of ⌫e (blue line) to ⌫⌧ (orange line) through
the MSW mechanism. The black dashed line represents the average ⌫e probability
predicted by Eq. (2.27). (Using the two flavor approximation parameters m2 =
7.5 ⇥ 10 5 eV2 , sin2 (2✓v ) = 0.846, and a neutrino of energy 10 MeV.)

employ Eq. (2.27) to predict the electron neutrino probability. The probability is
plotted in Fig. 2.4.
This is the key idea behind the MSW e↵ect. As the neutrinos exit the Sun, they
experience a resonant conversion from the electron flavor state, which is dominated
by a contribution from the lighest vacuum mass state, into the heavy mass vacuum
state which contains an approximately equal mixture of all three neutrino flavors.
We can see from Fig. 2.4 that we should expect approximately one third of all of the
initially electron flavor neutrinos to be measured as such by the time they reach us.

2.2.2

Mass hierarchy

As discussed in sec. 2.1.1, only di↵erences in the neutrino masses squared can be
probed via observations of neutrino oscillations. We can see that in the two flavor
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approximation the sign of the mass splitting

m2 cannot be determined merely

through measuring the survival probability of the neutrinos (in Eq. (2.16) the sign
of

m2 has no e↵ect on the probability). While the sign of

m2ij can a↵ect the

interference terms in Eq. (2.7), in practice it is challenging to isolate this e↵ect.
As of now, we currently know the sign of the mass splitting
gives m22 > m21 . However, we don’t know the sign of

m231 ⇡

m221 > 0, which

m232 . In three flavor

mixing, the sign can, in principle, be probed through oscillation experiments, but
it poses a great challenge practically due to the inherent weakness of the neutrino
interactions.
The e↵ect of matter on the neutrino oscillations provides a way to glean information about the mass ordering. We can see that had the inverted ordering been the
case for the ⌫1 /⌫2 mixing there would have been no resonant conversion between the
⌫e and the other flavors. In fact, it is this resonant conversion which provides the
evidence for the mass ordering in the ⌫1 /⌫2 mixing sector.

2.3

Collective Oscillations

In the previous sections, we considered a summarized treatment of the first two
mechanisms which govern flavor conversions of neutrinos. These two treatments have
made significant simplifying assumptions to the more in depth QFT formalism by
treating the neutrino wave functions as normalized plane waves. In this section, we
will consider the case that neutrinos propagate in a background of fermions which
contains significant populations of other neutrinos. We will continue to make the
two-flavor approximation through the remaining sections.
In order to handle these cases, we will introduce the (Wigner transformed) neutrino density matrices [20, 21, 22] which describe the spectra of neutrinos of a given
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flavor, energy and momentum. The density matrices also characterize the coherence
between the neutrino flavors in a given momentum mode. They take the form
0

⇢(E, p~) = @

⇢ee ⇢e⌧
⇢⇤e⌧ ⇢⌧ ⌧

1

A.

(2.28)

The diagonal elements satisfy
n ⌫e =

Z

d3 p~
⇢ee and n⌫⌧ =
(2⇡)3

Z

d3 p~
⇢⌧ ⌧ .
(2⇡)3

(2.29a)

This implies that the diagonal elements of the density matrices for a given (E, p~) are
the local distribution functions in the sense that they measure the fraction of all of
the local neutrinos in the given mode. The development of the density matrices is
governed by the Liouville-von Neumann equation
i

d⇢
= [H, ⇢] .
dt

Where [·, ·] represents the usual commutator. The time derivative

(2.30)
d
dt

represents a

total time derivative which, in the presence of spatial variations, takes the form
d
~ Here r
~ is the usual spatial gradient derivative operator, and |v̂| = 1.
= @ + v̂ · r.
dt

@t

We can utilize the two flavor approximation to re-cast the Liouville-von Neumann
equation as a vector di↵erential equation instead of a matrix di↵erential equation.
To do so, we note that we can express any 2 ⇥ 2 Hermitian matrix A in terms of
linear combinations of the Pauli matrices and the 2⇥2 identity matrix. The arbitrary
matrix A can be written as
A=
where

1
(A0 I2⇥2 + A · )
2

is a three vector formed by the three Pauli matrices, and A is termed the

“polarization vector” corresponding to the Hermitian matrix A. Furthermore, we can
identify the elements of the polarization vector and the identity matrix coefficient as
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A0 = (Aee + A⌧ ⌧ )

(2.31a)

A1 = 2Re(Ae⌧ )

(2.31b)

A2 =

(2.31c)

2Im(Ae⌧ )

A3 = (Aee

A⌧ ⌧ )

(2.31d)

Using the properties of the Pauli matrices, we can expand both ⇢ and H in terms
of polarization vectors in order to rewrite Eq. (2.30). Defining H = 21 H ·

as above,

(we have discarded the overall trace term from the Hamiltonian as it leads only to
the development of an unmeasurable global phase) and
⇢=

1
(Tr(⇢)I2⇥2 + P · ) .
2

(2.32)

Substituting these definitions into Eq. (2.30) we find the new equation of motion in
terms of the polarization vectors
d
P = H ⇥ P.
dt

(2.33)

While only a formal change of representation of the physics, as we will see, studying
the system in terms of polarization vectors allows for interesting analogs to classic
mechanical physics.
In the polarization vector formalism, the third polarization vector component is
P3 ⌘ P · e3 and is associated with the probability of measuring either a neutrino
or antineutrino in one of the two flavor states. In order to illustrate how to recover
the flavor content of the gas from the polarization vectors we will briefly discuss the
behavior of both the density matrices and the polarization vectors.
The neutrino density matrices carry units of the number density of neutrinos in
the di↵erent flavors. The diagonal elements of the density matrices are the energymomentum distribution functions of the given neutrino flavor, and it is clear that
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the Liouville-von Neumann equation doesn’t change the trace of the neutrino density
matrices. The equations of motion also leave invariant the magnitude of the neutrino
polarization vectors (P) which can be observed trivially from Eq. (2.33).
The fraction of the total number density of neutrinos in a given flavor at a given
energy and momentum is then
1
(Tr(⇢) + P · e3 )
2
1
f⌫⌧ (E, p~) = (Tr(⇢) P · e3 )
2
f⌫e (E, p~) =

(2.34a)
(2.34b)

As neutrinos are initially created in flavor states, we will assume that the neutrino
density matrices begin as diagonal matrices. This then implies that P0 = [0, 0, P30 ].
Since the density matrices characterize the density of neutrinos in a given energy and
momentum, P30 = f⌫0e

f⌫0⌧ where f⌫0↵ is the initial energy-momentum distribution

function for neutrinos of flavor ↵. Likewise, Tr(⇢) = f⌫0e + f⌫0⌧ and is left invariant by
the equations of motion.
In the polarization vector formalism the vacuum Hamiltonian takes the form
Hvac = !B where
B = sin(2✓v )e1

cos(2✓v )e3 .

(2.35)

In the subsequent discussion, we assume that the mass squared di↵erence

m2 is

strictly positive, and that the vacuum mixing angle ✓v distinguishes between the two
possible mass hierarchies. Using this convention, 0  ✓v <
⇡
4

 ✓v 

⇡
2

⇡
4

represents the NH, and

represents the IH.

Throughout the rest of this thesis, unless otherwise stated, we will assume that
the initial polarization vector is aligned entirely along the third axis and has an
initial value P3,i = f⌫e ,i

f⌫⌧ ,i . Because the evolution of the polarization vectors

leaves |P| invariant, we will now extract this normalization and normalize all of the
polarization vectors to unity.

25

Chapter 2. Neutrino oscillations
In order to do so, we will first normalize each distribution function to unity
over the phase space, and in doing so we need to extract the total number density in each flavor initially from the distribution functions. This results in P3,i =
⇣
⌘
n⌫e f⌫e ,i nn⌫⌫⌧ f⌫⌧ ,i . Then we can extract this entirely and define the neutrino spece

trum in a particular momentum as

g(~p) = f⌫e ,i

n ⌫⌧
f⌫ ,i .
n ⌫e ⌧

(2.36)

After these extractions have taken place, we see that
P3,i ! n⌫e g(~p)P3,i

(2.37)

where the new P3,i = [0, 0, 1] on the right hand side. We will perform an analogous
redefinition to the antineutrinos, and we will measure all of the antineutrino number
densities relative to the electron neutrino number densities. In doing so we find that
P̄3,i ! n⌫e ḡ(~p)P̄3,i .
In this expression, the spectrum for antineutrinos is given as

n⌫¯e
n⌫¯⌧
ḡ(E, p~) =
f⌫¯e ,i
f⌫¯ ,i ,
n ⌫e
n ⌫e ⌧

(2.38)

(2.39)

and P̄3,i = [0, 0, 1] as for the neutrinos.
It is clear that the above redefinitions have no impact on the dynamics of the
polarization vectors as the spectra we have extracted are constants in both time and
space, depending only on the initial local values. All we have done is normalize the
relevant neutrino polarization vectors to unity in the flavor vector space spanned by
the unit vectors e1 , e2 , and e3 .

2.3.1

The neutrino-neutrino interaction Hamiltonian

In the presence of a dense medium of other neutrinos, the weak scattering process
illustrated on the left in Fig. 2.2 can result in flavor conversion due to the presence
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of the o↵-diagonal elements of the density matrices [23, 24]. The e↵ective potential
generated by the background neutrinos is obtained by a simple average over all of
the neutrinos and antineutrinos in all other momentum modes and energies. The
e↵ective potential acting on neutrinos in momentum mode indexed by p~ which is
generated by all other neutrinos and antineutrinos in all other momentum modes
takes the form [20, 24, 21, 25]
H⌫⌫ (~p) =

p

2GF

Z

d3 p~0
(1
(2⇡)3

~v · ~v 0 ) (⇢p~0

⇢¯p~0 )

(2.40)

This neutrino-neutrino interaction potential has a simple interpretation. The
coherent forward scattering via the weak interaction generates the potential by averaging the scattering over all of the other neutrinos in the medium at the location,
and the current-current nature of the weak interaction weights the average by the
inner product of the neutrino four-velocities. It is clear that this weight is maximal
when the three-velocities are antiparallel, and is zero when the three-velocities are
parallel.
We can rewrite the interaction Hamiltonian in the polarization vector formalism
by noting that even though it contains dependence on all of the neutrino density
matrices, the component of these density matrices proportional to the identity matrix
will still vanish under the action of the commutator. This means that we can express
H⌫⌫ solely in terms of the polarization vectors. In doing so, and taking note of our
previous redefinition of the polarization vectors as having explicitly extracted the
spectral information, we find that
Z
p
d3 p~0
H⌫⌫ = 2GF n⌫e
(1
(2⇡)3

~v · ~v 0 ) g(E, p~0 )Pp~0

ḡ(E, p~0 )P̄p~0

(2.41)

The full equations of motion which govern the dense neutrino gas are now
d
P = Htotal ⇥ P
dt
d
P̄ = H̄total ⇥ P̄
dt
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where
Htotal =

!B + e3 + H⌫⌫

H̄total = !B + e3 + H⌫⌫ .

(2.43a)
(2.43b)

We have used the previous definition of the vacuum mixing vector B, and
⌘
p
2GF ne is the matter potential. This is a nonlinear system of partial di↵erential
equations which couple all of the neutrino and antineutrino momenta and energies
together along the evolution. As we will see throughout the rest of this thesis this
nonlinear coupling can lead to surprising and unintuitive behavior.
The representation

proportional to the number density of electrons, and µ pro-

portional to the number density of electron neutrinos is commonly utilized throughout the rest of this thesis.

2.3.2

Bipolar oscillations

In order to study how neutrino-neutrino coherent forward scattering can a↵ect the
flavor development of the dense neutrino gas, we will study a significantly simplified
model called the “bipolar model.” We will assume that the gas is both spatially
homogeneous and that the momentum is distributed isotropically, and we will assume
that all of the initial polarization vectors are aligned along e3 . Furthermore we will
also assume that the neutrinos and antineutrinos are monoenergetic and have equal
energies. The governing Hamiltonian which describes this system is given by
✓
◆
! cos(2✓vac )
! sin(2✓vac )
H=
+ H⌫⌫
(2.44)
3+
1
2
2
Before we consider the explicit form of H⌫⌫ as it applies to the bipolar model, we
will discuss the matter term.
We will assume that

! in this system. When coupled with the assumption of

homogeneity we find that we can always remove the e↵ect of the matter Hamiltonian
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~ = 0, we can make the
by working in a suitable rotating frame. Assuming that r
i

transformation ⇢ ! e 2

Rt
0

3 dt

⇢e

i
2

Rt
0

3 dt

. This transformation will remove the

term from the equations of motion, but will cause the

1

term to rotate with a rapid

phase resulting in an approximately zero value as its contribution to the Hamiltonian.
After the transformation the net Hamiltonian becomes H =

1
!
2

cos(2✓v )

3

+ H⌫⌫ .

Under the conditions of homogeneity, isotropy, and monochromatic neutrinos,
H⌫⌫ simplifies significantly. First, the density matrices can have no dependence
on the momentum direction, p~. As such, the integration over the solid angle can
be performed trivially. Secondly, the monoenergetic assumption implies that the
integration over the energy space in H⌫⌫ is also trivially performed as ⇢ / ⇢(E0 ) (E
E0 ).
In the polarization vector formalism, after the above simplifications, the neutrinoneutrino interaction Hamiltonian takes the form
H⌫⌫ = µ P
In this expression, µ =

p

↵P̄

(2.45)

2GF n⌫e and ↵ = n⌫¯e /n⌫e .

In cases in which we have only monochromatic and equal energy neutrinos and
antineutrinos, we can define a single e↵ective vacuum oscillation frequency. We will
assume that this frequency is a strictly positive quantity, and define it to be
!e↵ = ! |cos(2✓v )|

(2.46)

In order to account for the mass hierarchy, we introduce a new parameter, ⌘ = ±1
with + chosen for the normal hierarchy, and

chosen for the inverted. Lastly, we will

leverage that the neutrinos are antineutrinos are monochromatic and equal energy
and set !e↵ = 1. In doing so, we will measure the neutrino-neutrino interaction
potential in units of !e↵ , thus µ will be a unitless number.
The evolution of the neutrinos and antineutrinos is then governed by the system
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of equations
Ṗ =

⌘e3 + µ P

˙ = ⌘e + µ P
P̄
3

⇥P

↵P̄

(2.47a)

⇥ P̄

↵P̄

(2.47b)

We can now observe that the flavor evolution is equivalent to the motion of a pendulum in flavor space with a total angular momentum D = P

↵P̄ [26]. Defining

Q = P + ↵P̄ + ⌘e3 /µ and using Eq. (2.47) one can show that
Ḋ = q ⇥ (⌘|Q|)e3 ,

(2.48)

where Ḟ (t) = dF/dt for an arbitrary function F (t), and q = Q/|Q| and (⌘|Q|)e3 are
the “position” and “weight” of the pendulum bob, respectively. The spin

=D·q

of the bob is conserved, and
1
q ⇥ q̇ = D
µ

q

(2.49)

is the orbital angular momentum of the bob.
We note that since dD3 /dt = 0, the maxima and minima of P3 are determined by
the maxima and minima of Q · e3 . With this in mind, we can see that the neutrinos
and antineutrinos will be most likely to be found in the electron flavor state when
q · e3 is maximal, and likewise will be most likely to be found in the ⌧ state when
q · e3 is minimal.
The pendulum model has been used to obtain many useful insights of the flavor
evolution of the bipolar model [26, 27]. For example, one can easily see that no
(significant) flavor transformation can occur if the neutrino mass hierarchy is normal
(⌘ = +1) because the flavor pendulum is near its stable configuration initially. If
⌘=

1 (IH), flavor oscillation will occur only if
(1 +

2
p

↵)2

<µ<

30

(1

2
p

↵)2

,

(2.50)
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Figure 2.5: Flavor axis projection of the normalized position vector of the pendulum
bob q in the bipolar model. This represents the motion of the gyroscopic pendulum
in the IH with !e↵ = 1 km 1 , µ = 10!e↵1 and ↵ = 0.5.

and P3 has a minimum value
P3,min =

1
↵ + µ(1
4

↵)2 +

No significant flavor oscillation occurs if µ > 2/(1

p

1
.
µ

(2.51)

↵)2 where the flavor pendulum

behaves like a sleeping top [27].
When flavor conversion does occur, the bipolar model displays flavor oscillations
which can again be understood using the pendulum analogy. Initially the pendulum
hovers vertically as approximately a sleeping top before falling quickly through the
maximal angular displacement (projected along the third axis) before swinging upward at which point it slows and returns to the approximate sleeping top phase. The
evolution of the normalized pendulum position vector is shown in Fig. 2.5.
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2.3.3

The bulb model

The bipolar model assumes both homogeneity and isotropy in the neutrino gas.
In studying the bipolar case, we have sacrificed realism for the sake of developing
intuition about how the nonlinear coupling of the neutrino gas to itself can change the
behavior of the flavor transformations which develop. In this section we will brieflly
summarize some of the results from studies of the neutrino bulb model [28, 29, 30].
This model simulates the steady state emission (@t ! 0) of neutrinos during a
supernova from a single surface meant as a representation of the hot dense object
which forms during the core collapse. While real supernova events are likely aspher~ ! vr @r ) in order to
ical, the bulb model assumes perfect spherical symmetry (v̂ · r
reduce the dimensionality of the system and make it more tractable. In doing so, the
bulb model allows neutrinos and antineutrinos to be emitted in a range of di↵erent
initial angles with respect to the normal to the emission surface.
In Fig. 2.6 the geometry relevant to the evolution of the neutrino gas is illustrated.
Neutrinos are emitted with an initial angle #0 with respect to the local normal. The
radius at which the neutrinos begin their evolution is given as R⌫ . They then stream
away from the emission surface and coherently exchange flavor information with all
of the other emitted neutrinos that they encounter along their trajectory.
Due to the spherical symmetry of the bulb model, all of the neutrinos emitted
with initial angle #0 experience the same flavor evolution. In order to describe the
local neutrino flavor at each point in the space r > R⌫ only involves tracking the
neutrinos in each #0 and E along the radial direction (labeled z in Fig. 2.6).
As the bulb model relaxes the assumptions of homogeneity and isotropy assumed
in the bipolar model, we can no longer neglect the velocity dot product in the
interaction Hamiltonian as we did in Eq. (2.47). However, the spherical symmetry
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Figure 2.6: Geometry utilized in the bulb model. Neutrinos are emitted in a steady
state flux from the neutron star surface with an initial emission angle #0 and stream
outward. They subsequently undergo flavor transformation governed by the vacuum,
matter, and neutrino interaction Hamiltonians.

does imply that
p

Z

1

Z

H⌫⌫ = 2GF n⌫e
d (cos(#0 )) dE 0 (1 cos(#) cos(#0 )) ⇥
0
cos(#max ) E
✓
◆
✓
◆
n ⌫⌧
n⌫¯e
n⌫¯⌧
0
0
0
0
0
0
0
0
f⌫e (# , E )
f⌫ (# , E ) P#0
f⌫¯ (# , E )
f⌫¯ (# , E ) P̄#0 .
n ⌫e ⌧
n ⌫e e
n ⌫e ⌧

(2.52)

In this expression, # is the local polar angle as measured with respect to the radial
direction (as indicated in Fig. 2.6). The maximal # is determined geometrically by
the shadow cast by the neutrino emission surface. The relation between the initial
emission angle #0 and the local angle measured from the radial direction at point
“P ” denoted # is found to be
r sin(#) = R⌫ sin(#0 ).

(2.53)

Utilizing this, we can see that in the large radius limit, the ⌫/⌫ interaction
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potential has a radial dependence
µ(r) ⇡ µr=R⌫

✓

R⌫
r

◆4

.

(2.54)

Due to the spherical nature of the emission, there is a radial dependence in the
strength of the neutrino interaction potential which is proportional to both the local
number density and the inner product of the neutrino four-velocities. Supernovae
emit neutrinos in energies of 1 - 10 MeV, and they have a luminosity of approximately
1051 erg per second. This results in a value of µr=R⌫ ⇡ 105 km 1 .
This model was utilized to study the development of flavor in a radially developing
self-coupled neutrino gas by Duan et. al. in Refs. [28, 29, 27]. These studies
demonstrated that the gas displays coherent development of flavor content over large
distances and across both energy and emission angle (momentum). In their study,
the authors utilized the two flavor approximation with ✓ = 0.1, and
eV2 .

m2 = 3 ⇥ 10

3

One of the key results of the above study was an interesting behavior known now
as a spectral “swap” (also called a “split”). A spectral swap is characterized by a
sharp exchange in the energy spectra of the neutrinos in the two di↵erent flavors
relative to their initial spectra at the neutrino sphere r = R⌫ when inspected at
large radii. This swapping feature occurs both in single and multiangle simulations.
For the single angle approximation, only a single representative neutrino beam is
propagated from the neutrino sphere and the flavor evolution in all of the di↵erent
energies in the beam is tracked. In Fig. 2.7 we present the initial energy spectra for
the ⌫e and ⌫⌧ flavor neutrinos and antineutrinos as evolved utilizing the bulb model
in the single angle approximation. The spectral swap displayed by this model is the
clearest in the lower left panel representing the neutrino component of the gas in the
inverted hierarchy. Note that there is a sharp drop in the electron flavor neutrinos
(green line) at approximately 8 MeV, below which the electron flavor spectra is
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approximately equal to the initial electron flavor spectrum, and above which the
final electron flavor energy spectrum is approximately equal to the initial ⌫⌧ energy
spectrum.
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Figure 2.7: Development of the energy spectra of di↵erent species in the single angle
bulb model. Shown is the energy spectra of neutrinos (left panels) and antineutrinos
(right panels) in the normal (upper panels) and inverted (lower panels) mass hierarchies. The dotted (black) and dot-dashed (red) lines represent the initial energy
spectra of the neutrinos in electron (dotted) and ⌧ (dot-dashed) flavor components
at r = R⌫ . The solid (green) and dashed (blue) lines represent the electron and ⌧
spectra respectively at r = 250 km. Reprinted figure with permission from Duan et
al., Physical Review D, Vol. 74, p. 105014, 2006. Copyright 2006 by the American
Physical Society.

This sharp spectral swap behavior is also observed in the multiangle calculations.
Fig. 2.8 demonstrates the development of neutrino flavor in a multi-angle multi-
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Figure 2.8: Electron flavor survival probability (P⌫e !⌫e as defined in Eq. (2.55)) for
neutrinos (right panels) and antineutrinos (left panels) at r = 225 km. The upper
panels utilize the normal hierarchy, and lower panels utilize the inverted hierarchy.
Reprinted figure with permission from Duan et al., Physical Review Letters, Vol. 97,
p. 241101, 2006. Copyright 2006 by the American Physical Society

energy calculation. This figure shows the electron neutrino flavor survival probability
defined as
P⌫e !⌫e =

1
(1 + P3 ) .
2

(2.55)

In the neutrino sector (left panels) utilizing both the normal and inverted mass
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hierarchies, there obtains a strong split in the neutrino flavor survival probability at
approximately 9 MeV. Using the normal hierarchy neutrinos above this energy are
on average more likely to be found in the electron flavor, and below it the ⌧ flavor.
The converse is true when using the inverted hierarchy.
Duan et. al. showed that the self-coupling of the dense neutrino gas can lead to
surprising coherent and collective behavior across large distances. Their intriguing
results only reinforce the need for larger scale simulations to determine what qualitative behavior seen in these simplified highly symmetric models will survive when
the simplifying symmetries are relaxed.

2.3.4

Fast neutrino oscillations

When a proto-neutron star is formed during a CCSN, neutrinos emitted by weak
interaction processes inside the proto-neutron star are approximately trapped, as
the densities are high enough (⇢nuclear ⇠ 1014 g(cm) 3 ) such that the mean free path
of the neutrinos is on the order of 10 km. At the boundary of the proto-neutron star,
the neutrinos decouple from the dense nuclear matter over very short distances, but
can still experience the coherent forward scattering which we discussed previously.
If the neutrinos and antineutrinos of all flavors are emitted with approximately
equal angular distributions, as we have assumed in the bulb model, then we do not
expect to see flavor conversions in this region. This is due to the large value of µ
in this region, which produces the “sleeping top” behavior in the pendulum analog.
In this limit, neutrinos initially emitted in the electron flavor state simply precess
rapidly about the e3 axis like a rapidly spinning top until the number densities drop
low enough to allow the pendulum to fall.
Collective oscillations of the type seen in the bipolar model and the bulb model
p
occur on length scales which go like `coll ⇠ !µ. It was, however, suggested, initially
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by R. Sawyer [31], that when the neutrino angular distributions are not equal that
there can be a significant speedup of flavor transitions, instead occuring on a scale
of `fast ⇠ µ. These fast oscillations were observed by Dasgupta et al., and it was
subsequently suggested that a nontrivial ⌫e ⌫¯e angular spectrum with a zero crossing
was necessary to achieve the speedup in flavor conversion [32].
As ⌫¯e neutrinos decouple from the dense nuclear matter at lower radii than ⌫e , it
is a generic prediction that the ⌫¯e angular spectrum would be more forward peaked
with a lower flux than ⌫e . Thus a crossing in the net angular spectrum of ⌫e

⌫¯e

would be unsurprising assuming the reduction in antineutrino flux is not too severe.
Additionally, ⌫µ and ⌫⌧ and their antiparticles decouple even deeper inside the protoneutron star than ⌫¯e , and as such should be expected to have an equivalently lower
flux and more forward peaked angular distribution.
Numerous subsequent studies into the possiblity of fast neutrino flavor conversion
on the scale of meters above the ⌫e decoupling region have been undertaken and have
both confirmed the existence of fast flavor conversions and the necessary condition of
a crossing in the angular spectrum of the particles. An initial study was performed
by Abbar and Duan in [33] in which they demonstrate that a crossing in the angular
spectrum is sufficient to generate growth on timescales of µ 1 . They further show
that mass mixing is unnecessary for the flavor conversion generated excepte perhaps
as a seed for an initial perturbation in the flavor fields.

Linear stability analysis
To see how fast flavor conversion can arise, we first investigate a technique called
linear stability analysis. We will briefly return to the simple bipolar model in order
to demonstrate the principal idea and how it is implemented.
Linear stability analysis is utilized to determine whether a system in an equi-
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librium (stationary) state is stable or unstable (in a sense to be described shortly)
against significant deviation from the equilibrium state. As a conceptual example, let
us consider balancing a pen in one’s hand. If the pen is balanced and aligned exactly
parallel with gravity, it is in an equilibrium state and will stay standing vertically.
However, if perturbed even slightly from identically parallel with gravity, the pen
will fall. In this example, small perturbations lead to large excursions away from an
initial equilibrium or fixed point of the system. Similarly, if a pendulum with the
bob at the lowest point and parallel to gravity and then perturbed slightly, it will
only perform small oscillations about the equilibrium point but will not perform any
significant excursions away from it. These two simple examples illustrate stable and
unstable behavior of a system about a stationary point of the system.
For our system, neutrinos are emitted initially in flavor diagonal states. Furthermore, the e↵ect of matter is to reduce the mixing between the flavor and local mass
states. This means that in the absence of an o↵-diagonal mixing in the Hamiltonian
the system is initially in stationary state and will not experience flavor conversion.
However if the initial polarization vectors are given small a small perturbation in the
e1 /e2 plane, we can employ linear stability analysis to determine whether or not the
system is stable against flavor conversion.
In the bipolar model, we begin with the system of equations given by Eq. (2.47).
It is easy to see that if the initial polarization vectors P(t = 0) = P̄(t = 0) = e3
˙ = 0. However, if the initial polarization vectors
then the system is stable as Ṗ = P̄
are perturbed in the e1 /e2 plane, we can define S = P · (e1
S̄ = P̄ · (e1

ie2 ) and similarly

ie2 ). As these are perturbations, we require |S|, |S̄| ⌧ 1. Inserting the

initial conditions into Eq. (2.47) and keeping to first order in S, we find
2 3 2
32 3
⌘!e↵ µ↵
µ↵
S
d S
54 5.
i 4 5=4
dt S̄
µ
⌘!e↵ + µ↵
S̄

(2.56)

(Note that earlier we utilized !e↵ = 1.) This is a linear system of di↵erential equations
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and as such we desire to search for normal mode solutions of the form S = S0 ei⌦t . If
Im (⌦) > 0 then the system will experience runaway growth in the e1 /e2 plane and
we will see significant flavor conversion. After some straightforward algebra we can
show that ⌦ is an eigenvalue of the system if
p ⌘
1⇣
⌦=
(1 ↵)µ ±
.
2

(2.57)

Where the discriminant

= (1

2
↵)2 µ2 + 4!e↵
+ 4 (1 + ↵) ⌘!e↵ µ.

It is clear that ⌦ has a nonzero imaginary value only if

(2.58)

< 0. In this, we have

reinserted the previouly supressed !e↵ as it will be important to see the dependence
of ⌦ on both µ and !e↵ in the subsequent discussion.
The requirement

< 0 leads to the inequality
2!e↵
p
<
(1 + ↵)2

⌘µ <

2!e↵
p 2.
(1
↵)

(2.59)

We argued in subsec. 2.3.2 that the bipolar system can only experience flavor conversion in the inverted hierarchy. We can see that in Eq. (2.59) the left and right sides
of the inequality are both positive which implies that the middle must be a positive
number if flavor conversion is to be obtained, i.e. the system must have the inverted
mass hierarchy.
In this model, Im(⌦) = 0.5|

p

| gives the exponential growth rate of the per-

turbation when Eq. (2.59) is satisfied. It is also easy to see that if ↵ ⇡ 1 then
p
Im(⌦) / !e↵ µ as stated at the beginning of this section. If ↵ is much di↵erent
than 1, then the inequality (2.59) will constrain µ to be quite close to !e↵ , resulting
p
in Im(⌦) ⇠ !e↵ ⇠ !e↵ µ (as in the ↵ ⇡ 1 case). So in the bipolar model oscillations
will be significantly slower than the timescales of order µ 1 .

Linear stability analysis is a powerful tool which allows us to predict both whether
the system is stable against flavor conversion and, if it is unstable, what the char-

40

Chapter 2. Neutrino oscillations
acteristic timescale for flavor conversions will be when the system is perturbed from
an initial stationary point. We will utilize this technique extensively in the rest of
this work in order to analyze the neutrino flavor evolution in the regime in which the
systems can be linearized.

Bipolar-like fast flavor conversions
In the bulb and bipolar models, we assumed that the neutrinos and antineutrinos had
identical (and uniform) angular spectra. We will utilize a simple four beam model
now to demonstrate that when neutrinos and antineutrinos have di↵erent angular
spectra then flavor conversion can occur on much faster timescales. We will do so
by presenting an abreviated version of an argument employed by Abbar and Duan
in [33].
We consider a stationary and homogeneous dense neutrino gas in which neutrinos
are emitted from a line with velocities which have nonzero components both parallel
and perpendicular to the initial emission axis. This model simulates the steady
state emission of neutrinos and antineutrinos from an infinite homogeneous line into
the half plane above it. We will denote the axis formed by the intersection of the
homogeneous emission plane and the plane spanned by the symmetric pair of velocity
vectors as x, and the axis perpendicular to the emission plane as z. We will denote the
velocity vectors of the four particles as v̂i = vix x̂ + viz ẑ. The four beams are emitted
with a reflection symmetry about the z axis such that (v1z = v4z ) < (v2z = v3z ), and
v1x =

v4x , and v2x =

v3x .

We will assume that the energies of the four neutrino beams also respect the
reflection symmetry about the z axis, and we choose !1/2 = !4/3 (choosing 1 with
4 and 2 with 3). Lastly, each beam also contains a net spectrum factor gi (i =
(1, 2, 3, 4)) which can be positive or negative. As indicated in equations (2.36) and
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(2.39), a positive value for gi indicates either a net excess of electron neutrinos or
⌧ antineutrinos, and a negative falue for gi indicates a net excess of ⌧ neutrinos or
electron antineutrinos.
The equations of motion in the linear regime can be written in two independent
cases, a symmetric (+) case and antisymmetric ( ) case. The two variables of interest
are
1
(S1 ± S4 )
2
1
= (S2 ± S3 ) .
2

S1± =
S2±

The governing linearized equations of motion for the system in the symmetric (Si+ )
mode is
i

2

3

2

˜ 1+ + µ̃+ g̃2+
d 4S1+ 5 4 !
=
dz S2+
µ̃+ g̃1+

µ̃+ g̃2+
!
˜ 2+ + µ̃+ g̃1+

In this expression,

!1
,
v1z
!2
=
,
v2z

54

S1+
S2+

3

5.

(2.60)

g1
,
v2z
g2
=
, and
v1z

!
˜ 1+ =

g̃1+ =

!
˜ 2+

g̃2+

µ̃+ = µ ((1
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v̂1 · v̂2 ) + (1

v̂1 · v̂3 ))

We will now search for normal mode solutions to Eq. (2.60) of the form S / e

ikz

.

We expect that if  ⌘ Im(k) < 0 we will see exponential growth as the system
develops flavor along z.
It is important to note that because the neutrinos evolve along di↵erent trajectories given by their di↵erent velocities, we can no longer in general go to a corotating
frame in order to remove the matter profile. However, as the matter term still significantly dominates the o↵-diagonal vacuum mixing, we will continue to neglect the
term proportional to e1 .
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We note that this system is similar to that of the simple bipolar model described
by Eq. (2.56). With this observation, it is easy to see that this system will be unstable
against flavor evolution if
= [(˜
!1+
In this expression

!
˜ 2+ ) + (g̃1+

g̃2+ ) µ̃+ ]2 + 4g̃1+ g̃2+ µ̃2+ < 0.

(2.61)

is the discriminant of the characteristic polynomial which de-

scribes the eigenvalues of the system. If
< 0 then the system will experience
p
exponential growth with a rate  = 0.5|
|. While the same was true of the bipolar
model, the relationship between µ and !e↵ which was required for

< 0 as described

in Eq. (2.59) required that !e↵ > 0. It is clear that in this case, letting

m2 ! 0

(the mass squared di↵erence not the discriminant) will not necessarily prevent the
discriminant from becoming negative. It is clear that the angular spectra of the
beams g̃1+ and g̃2+ must have opposite signs.
For this model,  / µ when µ

!e↵ , and as such we expect to see flavor con-

version on length scales of order µ 1 . A similar analysis holds for the antisymmetric
(S ) case.

2.4

Discussion

In this chapter we have provided an overview of the di↵erent mechanisms which
govern how the dense neutrino gas can change its flavor content. We saw that in
the absence of other fermions, we expect neutrinos to oscillate between flavor states
governed by the di↵erences in the squares of the masses which appear in the vacuum
Hamiltonian.
We argued that dense matter can act to suppress the flavor oscillations of neutrinos by reducing the local e↵ective mixing angle, and we showed how this e↵ect
can resonantly neutrinos in the flavor state ⌫e to the heavy vacuum mass state, thus

43

Chapter 2. Neutrino oscillations
solving the mystery of the missing ⌫e flux observed from our Sun. However, we also
showed that in the presence of a dense gas of other neutrinos that this matter e↵ect
will not necessarily suppress collective oscillations.
We summarized the results of early and simple descriptions of the self-coupled
dense neutrino gas, and demonstrated how large scale collective and coherent behavior can develop due to this self-coupling. Furthermore, we saw the intriguing spectral
splitting and swapping phenomena which arose in the one-dimensional, stationary
bulb model. We also argued that when angular spectra di↵er between neutrino
species, a significant speed-up of flavor conversion may obtain.
Everything we discussed in this chapter imposed significant simplifying symmetries, however. In the next chapter we will focus on studying the self-coupled dense
neutrino gas when one of these imposed spatial symmetries is relaxed.

44

Chapter 3
The Line Model
In Ch. 2 we saw phenomena characteristic of the dense neutrino gas under significant
simplifying symmetries. While this has allowed the development of intuition regarding the behavior of these gases, we would like to investigate whether the distinctive
phenomena which arose in the one-dimensional models survive when the imposed
symmetries are relaxed. Toward this goal, we will begin by studying a stationary
model with two spatial dimensions along which the neutrino gas can develop.
In this chapter, we will present the results of our work in [34].

3.1

The Line Model

In order to investigate what the impact of a second spatial dimensions is on the
evolution of the dense neutrino gases described in the previous chapter, we choose to
study the simplest possible model as an initial step. We will examine the evolution
of the neutrino flavor content in the gas in a two dimensional plane. In this model
we will simulate neutrinos streaming from each point on a line along the x axis. The
neutrinos emitted from each point will travel in two directions, each with an equal
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but opposite angle as measured with respect to the z axis (orthogonal to the x axis).
Using this model, we will investigate localized regions of the supernova describing
neutrino flavor development from initial to final radii where the local curvature can
be neglected. This implies that both the neutrino number density and the neutrino
momentum directions are constant through the region of consideration. This model
reduces to the bipolar model in the case that an exact translational symmetry is
imposed across the neutrino emission axis (z = 0). It was demonstrated in Ref. [35]
that, when the symmetry is not strictly enforced, the neutrino gas can spontaneously
generate complex flavor structure which strongly break the initial (approximate)
translational symmetry.
As in the one dimensional models, we assume no neutrino emission and absorption, and no collisions. Under these assumptions, the governing equations of motion
for the stationary gas in the geometry described above take the form
(±u@x + vz @z )P± = (!B + e3 + µ P⌥
(±u@x + vz @z )P̄± = ( !B + e3 + µ P⌥

↵P̄⌥ ) ⇥ P± ,
↵P̄⌥ ) ⇥ P̄± .

(3.1a)
(3.1b)

In the above equation the ± superscripts denote the right and left going neutrino
p
beams respectively, u = 1 vz2 is the component of the neutrino velocity along
the x axis, ! = | m2 | /2E is the vacuum oscillation frequency of the neutrino
as in Eq. (2.17), and B = sin(2✓v )e1

cos(2✓v )e3 describes the neutrino mixing

in vacuum. As in the discussions of the MSW e↵ect and the collective neutrino
p
oscillations in Ch. 2, = 2GF ne is the matter potential with GF being the Fermi
coupling constant and ne the net electron number density. We retain ↵ = n⌫¯ /n⌫ ,
the antineutrino number density in units of the neutrino number density. Finally, in
this system we define
p
µ = 2 2GF n⌫e (1
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In what follows, we will follow our convention from Ch. 2 in assuming that

m2 is

a strictly positive quantity and allowing the mass hierarchy to be described through
B (see the discussion above and below Eq. (2.35)). We will also assume that the
electron number density does not vary significantly over the regions of interest. Given
that this model assumes equal vz and equal and opposite vx components, each beam
will see an identical matter history along its trajectory if

is a constant in the space.

As described in Ch. 2 even a large matter term cannot suppress the collective
neutrino flavor conversion in this system, and its only e↵ect is to reduce the local
e↵ective mixing angle. Using this, we will work in an appropriate rotating frame to
remove the matter term from the equations of motion. Once this is performed, the
new vacuum and matter terms take the form
±!B + e3

!

! ⌥⌘ !e↵ e3 ,

(3.3)

where ⌘ = sgn(cos 2✓v ) is the signature of the neutrino mass hierarchy, and
!e↵ = ! | cos 2✓v |

(3.4)

is the e↵ective oscillation frequency of the neutrino. In the rest of this chapter, we
will measure the energies in terms of !e↵ by setting
!e↵ = 1.

(3.5)

After going to the rotating frame, the system of equations in Eq. (3.1) becomes
(±u@x + vz @z )P± = [ ⌘e3 + µ(P⌥

↵P̄⌥ )] ⇥ P± ,

(3.6a)

(±u@x + vz @z )P̄± = [+⌘e3 + µ(P⌥

↵P̄⌥ )] ⇥ P̄± ,

(3.6b)

Using Eq. (3.1) it is easy to show that the quantity
Z L
1
L=
[(2 + P3+ + P3 ) ↵(2 + P̄3+ + P̄3 )] dx
4L 0
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is conserved during the development of the neutrino flavor in the gas. This quantity
is the average of the net electron lepton number, or the excess of electron flavor
neutrinos over other flavors in both the neutrino and antineutrino sectors.

3.1.1

Spontaneous breaking of the translational symmetry

If the system begins in an initial condition which approximately respects an initial
translational symmetry along the x axis, we can analyze how flavor conversion can
develop in the regime in which the symmetry breaking perturbation is still small
compared to unity. Summarizing the more complete treatment in [35], we begin
by assuming a periodic boundary condition along x with a period of length L. In
such a case we can expand Eq. (3.1) in terms of a discrete Fourier series along the x
coordinate resulting in
(m)
P± (z)

1
=
L

Z

L
ikm x

e
0

P± (x, z) dx

(3.8)

(m)

and an equivalent expression for P̄± (z), where km = 2m⇡/L (m = 0, ±1, · · · ).
Eq. (3.6) now becomes
(m)

(m)

Ṗ± = ⌥ikm uP±

(m)

⌘e3 ⇥ P± + µ

˙ (m) = ⌥ik uP̄(m) + ⌘e ⇥ P̄(m) + µ
P̄
m
3
±
±
±

X
m0

X
m0

(m0 )

[P⌥

(m0 )

[P⌥

(m0 )

(m m0 )

(m0 )

(m m0 )

↵P̄⌥ ] ⇥ P±
↵P̄⌥ ] ⇥ P̄±

(3.9a)
.

(3.9b)

In this system of equations, the neutrino self-interaction potentital couples all
of the di↵erent Fourier components along x to one another. This will clearly result
in the development of flavor transformation in di↵erent length scales if any m 6= 0
modes which are initially populated grow to O(1). Once this occurs, power can
dissipate from low k values (corresponding to large scale flavor domains) to larger
and larger k values resulting in a loss of large scale correlation.
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However, if the system is initially approximately translationally symmetric then
the components of the polarization vectors in di↵erent Fourier components evolve
independently. In the linear regime where the neutrino coherence fields
(m)

= P± · (e1

(m)

ie2 ),

(3.10a)

(m)

= P̄± · (e1

(m)

ie2 )

(3.10b)

S±
S̄±

are small, they obey the linearized equations of motion:
(m)

iṠ±
iS̄˙ ±

(m)

(m)

µ[S⌥

(m)

µ[S⌥

= [ ⌘ ± ukm + (1

↵)µ]S±

= [+⌘ ± ukm + (1

↵)µ]S̄±

(m)

↵S̄⌥ ],

(m)

(3.11a)

(m)

↵S̄⌥ ].

(m)

(3.11b)

The solution to the above equation is a linear superposition of the normal modes:
2

(m)

S+ (z)

3

6 (m) 7
4
6S̄ (z)7 X
(m)
6 +
7
iKa z
S(m)
,
6 (m) 7 =
a e
6S (z)7
a=1
4
5
(m)
S̄ (z)
(m)

where Sa

(m)

and Ka

(3.12)

are the amplitudes and wave numbers of the ath normal mode,
(m)

respectively. If there exist normal modes with Im[Ka ] > 0, the corresponding
Fourier moments are unstable against the flavor conversion, and their amplitudes
grow exponentially with z. In this case, even if there is an approximate translation symmetry along the x direction, this symmetry is spontaneously broken when
|S (m6=0) | and |S̄ (m6=0) | grow to of O(1).
(m)

In Fig. 3.1, we show the largest exponential growth rate (m) ⌘ max(Im[Ka ])
of the flavor coherence amplitude as a function of both the strength of the neutrino
potential µ and the Fourier index m for the two-beam neutrino line with ↵ = 0.6
p
and vz = 1/ 2. We also marked the boundaries of the regime where a homogeneous
neutrino gas is unstable against flavor conversion.
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(m)

Figure 3.1: (Left) The largest exponential growth rate (m) = max(Im[Ka ])
of the flavor coherence amplitude as a function of the neutrino potential strength
µ and the Fourier moment index m in a two-beam neutrino line model p
with the
neutrino-antineutrino asymetry ↵ = 0.6 and the neutrino velocity vz = 1/ 2 along
the z direction. The vertical dashed lines mark the boundaries of µ within which the
homogeneous, bipolar model experiences a flavor oscillation like a flavor pendulum.
This oscillation is suppressed at larger µ where the flavor pendulum behaves like
a sleeping top. Reprinted figure with permission from Martin et al. [34] Copyright
2019, Creative Commons Attribution 4.0 International license. (Right) The evolution
of the neutrino coherence field in the linear regime in a sample calculation with µ =
25.0 and the same choices for ↵ and vz as the left plot. Dashed colored lines represent
data taken from the numerical solution of the equations of motion without a linearized
approximation. The thin solid black lines represent the predicted exponential growth
rate obtained from the linearized equations of motion in Eq. (3.11).

3.2

Numerical Results

Following the pilot study in Ref. [36] which features a single parameter set (⌘ =
+1, ↵ ⇡ 0.77, and µ = 13), we have conducted a numerical survey of the twobeam neutrino line model for a wide range of the parameter space. We present a
representative collection of our numerical results in this section. All the calculations
assume the initial conditions of the following form
P± (x, 0) = P̄± (x, 0) ⇡ [✏± , 0, 1],
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where |✏± (x)| ⌧ 1. We choose the emission angles of both the left- and right-going
beams to be ⇡/4. A change to the neutrino emission angle is equivalent to a change
of the neutrino density and a rescaling of the x and z axes simultaneously. We use
a relatively large box with L = 30 compared to L ⇡ 6.2 in Ref. [36].

3.2.1

Numerical method and validation
(m)

(m)

Unlike Ref. [36] which solved P± (z) and P̄± (z) from Eq. (3.9), we solve P± (x, z)
and P̄± (x, z) in the direct space. We discretize the x axis into N equal intervals
and solve the equations of motion by a finite di↵erence method derived from the
Lax-Wendro↵ algorithm [37]. The details of this novel algorithm are presented at
the end of this thesis in Appendix A. Our code accurately recovers the pendulum-like
flavor oscillation when ✏+ = ✏ = const. In the linear regime where the translation
symmetry along the x direction is slightly broken, our code produces the correct
exponential growth of the coherence amplitudes as predicted by the linearized flavor
stability analysis. (See the right panel of Fig. 3.1.) We varied the number of discrete
bins in the x direction and the error tolerance in the numerical integration along
the z direction to test the numerical convergence of some representative calculations.
We also varied the size of the periodic box L for the calculations with localized
perturbations to make sure that the results are independent of the choice of L. We
do not enforce the unitary condition, |P(x, z)| = |P̄(x, z)| = 1, in our code but we
rather use it to check the correctness of the numerical solutions.

3.2.2

Sinusoidal initial perturbations

We first consider the neutrino gas with a sinusoidal initial perturbation:
✏± (x) = ✏±
0 +2

X

m>0
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where ✏±
m are constants. The results from this idealized initial condition demonstrates how the flavor evolution in the two-beam neutrino line model depends on
the neutrino mass hierarchy, the neutrino-antineutrino asymmetry, and the neutrino
number density.
In Fig. 3.2 we show hP3 (x, z)i with µ = 25 and three values of ↵ for both ⌘ =

1

(IH, top panels) and ⌘ = +1 (NH, middle panels), where h· · ·i represents the average
over the emission directions of the neutrino fluxes. In the bottom panels of the
figure, we show the evolution of P3 when averaged over both the neutrino emission
directions and the x axis.
In the IH cases, we set ✏±
m = 0 for all m except
✏±
0 = 2 ⇥ 10

3

and ✏±
1 =

10 4 .

(3.15)

Although the left- and right-going neutrino beams have the same initial conditions
at any emission point on the x axis, this left-right symmetry is lost at z > 0 when
the x-translation symmetry is spontaneously broken. When averaged over the leftand right-going beams, however, hP3 (x, z)i demonstrates a residue mirror symmetry
about the middle line of the box because of the left-right symmetry in the initial
condition. The overall flavor evolution patterns displayed in the top panels of Fig. 3.2
with di↵erent values of ↵ are very similar. Initially, the neutrino gas behaves like a
flavor pendulum: the neutrino polarization vectors remain in their initial states for
a long time before quickly swinging towards the opposite flavor states and coming
back up again. The approximate x-translation symmetry is preserved during this
pendulum-like flavor evolution until the m = 1 mode becomes significant. After
that, the large-scale flavor structures along the x direction begin to break down into
small-scale structures as z increases. The overall flavor conversion at large z increases
with ↵ for a fixed value of µ.
The initial conditions in the NH cases shown in the middle panels of Fig. 3.2 are
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Figure 3.2: The flavor evolution of the neutrino gas in the two-beam line model
with the inverted (IH, top panels) and normal (NH, middle panels) neutrino mass hierarchies, various antineutrino-to-neutrino density ratios [↵ = 0.6 (left), 0.7 (middle)
and 0.8 (right)], and sinusoidal initial perturbations described in the text. All the
calculations have the same density of the neutrinos which is proportional to the neutrino self-coupling strength µ. The top and middle panels show the angle-averaged
polarization components hP3 i of the neutrinos as functions of x and z, and the bottom panels show the evolution of these components over z when averaged over x.
Also shown in the bottom panels are the values predicted by the pendulum model
(dotted curves) and the equilibrium values P3eq in the IH calculations (dot-dashed
lines). Reprinted figure with permission from Martin et al. [34] Copyright 2019,
Creative Commons Attribution 4.0 International license.

the same as in the IH cases except
✏1 = 2✏+
1 =

2 ⇥ 10 4 .

(3.16)

Because the homogeneous mode is perturbed symmetrically (i.e., ✏+
0 = ✏0 ) and be-
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cause the flavor pendulum is stable with ⌘ = +1, the neutrino gas does not experience
significant flavor conversion until the m = 1 mode becomes significant. Similar to
the IH cases, the large-scale flavor structures also break down into small-scale ones
in the NH cases as z increases. But compared to their IH counterparts, hP3 (x, z)i
with the NH develop more prominent stream-like structures that are localized in the
x direction and extended along the z direction. These stream-like flavor structures
result in the “streamlines of the neutrino flux” observed in Ref. [36].

Figure 3.3: The equilibrium values P3eq and P̄3eq for the neutrinos (upper lines)
and antineutrinos (lower lines) at large z as functions of the antineutrino-to-neutrino
ratio ↵ (left) and as functions of the neutrino self-coupling strength µ (right), respectively. All the calculations assume the inverted neutrino mass hierarchy. The
various symbols represent the calculations with 30, 000 (•), 60, 000 (N), 120, 000 (⌅),
and 240, 000 (F) discrete x bins, respectively. The error bars indicate the maximal
(0)
(0)
and minimal values of hP3 i and hP̄3 i in the distance range over which the (mean)
equilibrium values are calculated. The dotted lines represent the case with P̄3eq = 0
where the antineutrinos are fully depolarized in flavor, and the dot-dashed lines are
the corresponding values of P3eq obtained from Eq. (3.7). Reprinted figure with permission from Martin et al. [34] Copyright 2019, Creative Commons Attribution 4.0
International license.

The results shown in the bottom panels of Fig. 3.2 suggest that, although the
initial flavor evolution of the neutrino gas can be sensitive to the neutrino mass
hierarchy and the initial condition at z = 0, the overall flavor conversion at large z
appears to settle down on an equilibrium value which is almost independent of these
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(0)

parameters. In practice, we define P3eq and P̄3eq to be the mean values of hP3 (z)i
(0)

and hP̄3 (z)i in the last distance unit of z after they are saturated.
To demonstrate the dependence of P3eq and P̄3eq on the neutrino-antineutrino
asymmetry and the neutrino density, we plot P3eq and P̄3eq in Fig. 3.3 in terms of
↵ (left panel) and µ (right panel), respectively, both with ⌘ =

1 and the initial

condition defined in Eq. (3.15). From Fig. 3.3 one can see that the antineutrinos
in the two-beam line model become almost depolarized in flavor (i.e., P̄3eq ⇡ 0) at
large z. The depolarization is generally more complete with a larger value of µ or
neutrino density. Because of the conserved electron lepton number L [Eq. (3.7)], the
final mean flavor conversion of the neutrinos is related to that of the antineutrinos
through
P3eq = 1

↵(1

P̄3eq ).

(3.17)

As shown in Fig. 3.3, the values of P3eq in our calculations indeed demonstrate a
nearly linear dependence on ↵ but little dependence on µ.
Although the overall flavor conversion of the neutrino gas in the two-beam line
model is largely independent of the neutrino self-coupling strength µ, a larger number
of x bins is needed to achieve the same accuracy as µ increases (see the changing
symbols in the right panel of Fig. 3.3). This is because more significant small-scale
flavor structures are generated at smaller z as µ increases. To demonstrate this
interesting feature, we show the flavor evolution of the neutrino gas with the same
neutrino-antineutrino asymmetry (↵ = 0.6) but three di↵erent values of µ in Fig. 3.4.
All three calculations assume the inverted neutrino mass hierarchy. The initial flavor
perturbations of the neutrino gas in these calculations are the same as what is defined
in Eq. (3.15) except with
3
±
✏±
0 = 10 , ✏1 = 5 ⇥ 10

for the case with µ = 50.
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and ✏±
200 = 5 ⇥ 10
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Comparing the first two panels of Fig. 3.4 in the first row, one can clearly see that
the neutrino gas with a larger value of µ or a higher neutrino density develops finer
flavor structures than the one with a lower density. This fact becomes obvious when
one compares the magnitudes the Fourier moments of the neutrino polarization vector
|hP(m) i| in these two cases, as shown in the middle panels of Fig. 3.4. It appears
that |hP(m) i| has a semi-exponential dependence on the Fourier index m for a wide
range of m and z:
|hP(m) i| / exp[

(z) km ],

(3.19)

where the exponent (z) decreases with increasing z. The comparison between the
first two panels in the second row of Fig. 3.4 shows that

is smaller at the same z for

the neutrino gas with a larger density which indicates more prominent small-scale
flavor structures.
The semi-exponential form of |hP(m) i| in the nonlinear regime is intriguing and
cannot be explained by the linearized flavor stability analysis. In the middle panels
of Fig. 3.4 we also plot the largest exponential growth rate (m) (dashed curves)
predicted by the linearized flavor stability analysis. In the first two panels of this
row, one observes that the high moments rise faster than the low moments in order to
maintain the semi-exponential power spectrum, while (m) decreases with increasing
m. In fact, the magnitudes of the Fourier moments with m & 200 grow with z for
µ = 10 even though they are predicted to be stable in the linear regime (left panel).
These results indicate that the excitation of the high moments in these calculations
is not due to their own instabilities but because of the “power di↵usion” from the
low moments. This di↵usion phenomenon is reminiscent of the development of the
turbulence in an initially laminarly flowing fluid [36] and the kinematic decoherence
in an initially isotropic neutrino gas [38].
In the bottom panels of Fig. 3.4 we also show the evolution of the strengths of
a few Fourier moments over z. These panels show that di↵erent Fourier moments
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do not reach equilibrium at the same time. The low moments are saturated first,
and the high moments later. This implies that small-scale flavor structures may still
develop even after the overall flavor conversion of the neutrino gas has reached its
equilibrium value.
The calculations shown in the last column of Fig. 3.4 is special because the flavor
pendulum with ↵ = 0.6 and µ = 50 is in the sleeping-top regime, and the Fourier
modes with m . 50 are stable (see Fig. 3.1). Therefore, we intentionally perturbed
the Fourier modes with m = ±200 which exhibit the exponential growth in the
linear regime (bottom panel). After these moments are excited, they couple the low
moments to the high moments and, as a result, |hP(m) i| has semi-periodic dependence
on m initially (middle panel). At large z, however, |hP(m) i| in this case has a much
weaker dependence on m than those shown in the left two panels.

3.2.3

Localized perturbations

The sinusoidal initial perturbations discussed in the previous subsection are largescale perturbations. Next we consider localized initial perturbations of the form

✏±
(x x0 )2
g
✏± (x) = p
exp
,
(3.20)
2 2
2⇡ 2
where ✏±
g , x0 , and

are constants. In Fig. 3.5 we show the flavor evolution of

the neutrino gases with various values of ↵ and µ for both the inverted (IH, top
panels) and normal (NH, middle panels) neutrino mass hierarchies. For the initial
perturbations, we take
3
✏±
g = 2 ⇥ 10 ,

2

x0 = L/2,

= 0.2

(3.21)

for the IH cases, and the same initial perturbations except with
✏g = 2✏+
g = 4 ⇥ 10
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Figure 3.4: The development of the small-scale flavor structures in the neutrino
gases with the neutrino self-coupling strengths µ = 10 (left panels), 25 (middle
panels) and 50 (right panels). All the calculations assume the inverted neutrino
mass hierarchy and the antineutrino-to-neutrino density ratio ↵ = 0.6. The top
panels show hP3 i as functions of x and z. The lower two rows show the magnitudes
of the Fourier moments of the neutrino polarization vector |hP(m) i| as functions of
the Fourier index m for a few values of z (middle row), and as functions of z for
a few moments (bottom row). Also shown in the middle panels are the maximum
exponential growth rates  as functions of m (dashed curves with the scales on the
right sides of the panels). Reprinted figure with permission from Martin et al. [34]
Copyright 2019, Creative Commons Attribution 4.0 International license.

for the NH cases.
The upper two rows of Fig. 3.5 show that, for an initial perturbation localized
around x0 , the flavor conversion first appears near x0 and spreads out to the left

58

Chapter 3. The Line Model
and right. At large z the edges of the “envelope” of the flavor conversion region are
parallel to the propagation directions of the two velocity modes of the neutrinos.
The flavor conversion is coherent in space near these edges, but small-scale flavor
structures develop deep inside the envelope. The flavor development inside the
envelope shown in Fig. 3.5 is qualitatively the same as that shown in Figs. 3.2
and 3.4. A larger neutrino self-coupling strength or density induces finer flavor
structures, and a smaller neutrino-antineutrino asymmetry produces a larger overall
flavor conversion.
We intentionally limit our calculations to z < L/2 to avoid the unphysical consequences because of the artificial, periodic boundary condition. As a result, the flavor
evolution of the neutrino gases with localized perturbations do not reach an equilibrium in the whole periodic box because unconverted neutrinos continue to stream
into the envelope. Instead of averaging over the whole box, we average hP3 i over the
central region of the envelope and define

1
hP3 (z)iC =
L

with

Z

x0 + L/2
x0

L/2

hP3 (x, z)i dx

(3.23)

L = L/3. In the bottom panels of Fig. 3.5 we compare the values of hP3 (z)iC in

both the IH and NH cases and Peeq obtained from the IH calculations with sinusoidal

perturbations. Our calculations suggest that the overall flavor conversions in the
central region of the envelope are approximately the same as those in the neutrino
gases with the sinusoidal initial perturbations. However, we also notice the NH
cases tend to develop flavor structures of the shapes of “streams” and “domains”
as observed in the previous study [36]. Such regions can have interesting physical
consequences if developed in a real astrophysical scenario.
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Figure 3.5: Similar to Fig. 3.2 but for highly localized initial perturbations (see
text) and di↵erent values of ↵ and µ. In the bottom row, hP3 iC is averaged over
the central segment of the box with a width 10. Also shown are P3eq in the corresponding IH calculations with sinusoidal initial perturbations. Reprinted figure with
permission from Martin et al. [34] Copyright 2019, Creative Commons Attribution
4.0 International license.

3.3

Discussion

We have utilized our numerical code to solve the 2D (x-z), two-beam neutrino line
model. We studied the flavor development of the neutrino gases with small sinusoidal
and localized perturbations initially (at z = 0).
The neutrino gases with small sinusoidal perturbations behave like a flavor pendulum initially which is coherent in the x direction (along which the gas is almost
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homogeneous initially) when the neutrino density is below a critical value. This
coherent flavor evolution breaks down into small flavor structures as the neutrinos
propagate in the z direction. The Fourier analysis shows that the magnitudes of the
flavor structures have a semi-exponential dependence on the wave number (in the x
direction) and change with z. The overall flavor conversions in the neutrino gases (averaged over the x axis) eventually achieve constant equilibrium values at large z. In
our calculations where there are fewer antineutrinos than neutrinos, the antineutrinos
almost reach equipartition among di↵erent flavors, and the overall flavor conversions
of the neutrinos are approximately determined by the neutrino-antineutrino asymmetries according the conservation law of the electron lepton number. This general
behavior is largely independent of the neutrino densities or the neutrino mass hierarchy. However, the neutrino gas tend to develop prominent stream- and domain-like
flavor structures when the neutrino mass hierarchy is normal. Also the increase of
the neutrino density causes the development of more prominent fine flavor structures
at smaller z which make the problem more difficult to solve.
The flavor evolution in a neutrino gas with an initially localized perturbation
starts from the x coordinate where the perturbation is located and expands afterward.
The flavor development inside the region where the oscillations occur is very similar
to that of a neutrino gas with an initial sinusoidal perturbation.
The qualitative results obtained in our numerical survey, such as the semiexponential power spectrum of the flavor conversion and the final equilibrium conversion probabilities, are very intriguing. However, it remains to be seen whether
these results will survive in the more sophisticated models (e.g., the line model with
multiple neutrino beams [36] or the ring model with position dependent neutrino
densities [39]). If they do, then these results suggest that some simple analytic understanding and statistical treatment may be possible for the flavor oscillations in
a multi-dimensional neutrino gas. Such a treatment would be extremely useful in
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computing the neutrino signals and nucleosynthesis in astrophysical scenarios such
as core-collapse supernovae and neutron star mergers.
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The Ring Model

In Ch. 3 we investigated how the development of the flavor content of a dense neutrino
gas is a↵ected by allowing a second spatial degree of freedom over which the gas can
evolve. We demonstrated that the gas develops very fine scale spatial structure in its
flavor content, and we noted that an approximate equilibration of flavor content on
average is achieved over relatively short distances (on the order of ten kilometers.)
The line model, however, assumes that the neutrino trajectories and densities are
the same through the whole space. In this chapter we will relax that assumption by
simulating the steady state emission of neutrinos from a circular emission ring into
the plane external to it.

This model has the benefit of naturally decreasing the local densities by virtue of
the circular nature of the problem. This model also produces a radially decreasing
maximum neutrino intersection angle by virtue of the geometric “shadow” cast by
the emission surface similarly to the bulb model. In this chapter we will present the
results of our work from [40].
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4.1

Model configuration

We will continue to utilize the two flavor approximation and consider the mixing
of two neutrino flavors, ⌫e and ⌫⌧ , where ⌫⌧ is a suitable linear combination of the
physical ⌫µ and ⌫⌧ . In the absence of collisions, the flavor content of the neutrino and
antineutrino fields of momentum p~ at spacetime point (t, ~r) can be represented by the
normalized polarization vectors Pp~ (t, ~r) and P̄p~ (t, ~r) in flavor space. The evolution
of the polarization vectors is governed by the system of transport equations [21]
!
(@t + v̂ · r)Pp~ = (!B + e3 + Hv̂⌫⌫ ) ⇥ Pp~ ,
!
(@t + v̂ · r)P̄p~ = ( !B + e3 + Hv̂⌫⌫ ) ⇥ P̄p~ ,

(4.1a)
(4.1b)

where the three terms inside the parentheses on the righthand side of the equation
represent the vacuum mixing, the matter e↵ect, and the neutrino self-coupling,
respectively. The vacuum oscillation frequency !, B mixing vector, and matter
potential

follow the same conventions as in the previous chapters. In this basis,
P ⌫e ⌫e =

1 + P3
1 + P · e3
=
2
2

(4.2)

is the probability for a neutrino initially in the electron flavor to survive in the
same flavor or the ⌫e survival probability. Lastly, the neutrino self-interaction or
neutrino-neutrino forward scattering is given by
Hv̂⌫⌫

=

p

2GF

Z

d 3 p0
(1
(2⇡)3

v̂ · v̂ 0 ){g 0 (~p0 )Pp~0

ḡ 0 (~p0 )P̄p~0 },

(4.3)

where g 0 and ḡ 0 are the spectra (as described in section 2.3) of the neutrinos and
antineutrinos. Note that we introduce the superscript 0 to denote the values of the
physical quantities before the development of neutrino flavor conversion.
We utilize a stationary, 2D neutrino ring model similar to those in Refs. [41, 39].
In this model, the neutrinos are constantly emitted from a ring of radius R⌫ and
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stream freely in the x-y plane. In the current work, we assume only two neutrino
beams are emitted from every point on the neutrino ring such that
g 0 (~p) =

n0⌫e 0
f (E)
2E ⌫e

f⌫0⌧ (E)

(pz )[ (#

#0 ) + (# + #0 )]

(4.4)

on the neutrino ring, where n0⌫e and f⌫0e (E) are the number density and the normalized
energy distribution of ⌫e on the ring, respectively, # 2 [ ⇡/2, ⇡/2] is the angle
that the neutrino momentum p~ makes with the radial direction, and #0 > 0 is a
constant. We assume similar emissivities for the other neutrino flavors with the
following normalization conditions (note the departure from Eq. (2.36)):
Z 1
n0
f⌫0 (E) dE = 0⌫
(⌫ = ⌫e , ⌫¯e , ⌫⌧ , ⌫¯⌧ ).
n ⌫e
0

(4.5)

In this stationary, two-beam neutrino ring model,
Pp~ (t, ~r) ! P±
E (r, ),

P̄p~ (t, ~r) ! P̄±
E (r, ),

(4.6)

and
~ ! D± = vr @r ±
@t + v̂ · r

R⌫
sin #0 @ ,
r2

(4.7)

where we have used the polar coordinates (r, ) in the x-y plane with the center of
the neutrino ring at the origin, the plus and minus signs are for the neutrino beams
with emission angles ±#0 , respectively, and
s
✓ ◆2
R⌫
vr (r) = 1
sin2 #0
r

(4.8)

is the radial component of the neutrino velocity. The neutrino self-coupling potential
becomes
Hv̂⌫⌫

!

H±
⌫⌫ (r,

) = µ(r)

Z

1
0

[(f⌫0e

f⌫0⌧ )P⌥
E

(f⌫¯0e

f⌫¯0⌧ )P̄⌥
E ] dE,

(4.9)

where
µ(r) =

p

2GF n0⌫e p

sin2 #0 cos #0
1

(R⌫ /r)2 sin2 #0
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In Eq. (4.10) we have modified the ring model by including an extra factor of R⌫ /r
to mimic 3D supernova models in which the neutrino fluxes decrease as 1/r2 instead
of 1/r in the original ring model. We also assume a large matter density distributed
symmetrically about the center of the neutrino ring such that
±!B + e3 ! ⌥⌘|!| cos ✓v e3

(4.11)

in the appropriate rotating reference frame in flavor space, where ⌘ = +1 for the
normal neutrino mass hierarchy (NH) and

1 for the inverted hierarchy (IH). In

summary, the original equations of motion (4.1) reduce to
±
±
D± P±
E = ( ⌘|!| cos ✓v e3 + H⌫⌫ ) ⇥ PE ,

(4.12a)

±
±
D± P̄±
E = (⌘|!| cos ✓v e3 + H⌫⌫ ) ⇥ P̄E

(4.12b)

for the model that we are considering. It is straightforward to show from the above
the equations that the average electron lepton number (ELN),
L=

Z

2⇡
0

d
2⇡

Z

1
0

+
dE [(PE,3
+ PE,3 )(f⌫0e

f⌫0⌧ )

+
(P̄E,3
+ P̄E,3 )(f⌫¯0e

f⌫¯0⌧ )],

(4.13)

is constant along r.

4.2

Numerical approach

As a concrete example, we consider a model with a neutrino emission ring of radius
R⌫ = 10 km. Two neutrino beams with emission angles ±⇡/4 are emitted from each
point on the ring with an approximate circular symmetry around the ring. As in
Ref. [28], we assume the neutrino species ⌫ in each neutrino beam has the Fermi-Dirac
spectrum
f⌫0 (E) /

E2
exp(E/T⌫ ⇠⌫ ) + 1
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with T⌫e = 2.76 MeV, T⌫¯e = 4.01 MeV, T⌫⌧ = T⌫¯⌧ = 6.26 MeV, and ⇠⌫ = 3 for all
the neutrino species. We also assume µ(R⌫ ) = 5 ⇥ 104 km 1 , n0⌫¯e /n0⌫e = 0.8 and
n0⌫⌧ /n0⌫e = n0⌫¯⌧ /n0⌫e = 0.4, and | m2 | cos(2✓v ) = 2.5 ⇥ 10

15

MeV2 for vacuum mixing.

One way to solve Eq. (4.12) is to first perform the Fourier transformation:
Z 2⇡
d
(m)
P (r) =
P(r, )e im
,
(4.15a)
2⇡
0
Z 2⇡
d
(m)
P̄ (r) =
P̄(r, )e im
,
(4.15b)
2⇡
0
and then solve the evolution of the Fourier moments numerically [39]. In the linear
regime where |P

e3 | and |P̄

e3 | are much less than 1, one can perform the

flavor stability analysis on the neutrino gas [42]. In this regime, the evolution of the
Fourier moments of di↵erent values of m are decoupled. In Fig. 4.1 we show the
maximum exponential growth rate max for various Fourier moments and at di↵erent
radii assuming that no significant flavor conversion has occurred.
In Ref. [39] all the Fourier moments but those with m = 0 and ±1 were assumed
to be 0 initially. Fig. 4.1 shows that a calculation with this assumption would not
see flavor conversion until r & 50 km where the lowest moments become unstable,
even though the higher moments are unstable at smaller radii. It has been shown
in the 2D neutrino line model, which is similar to the ring model but has constant
neutrino densities, that the high moments that are unstable can not only grow by
themselves but also cause the growth of other Fourier moments, and eventually lead
to significant flavor conversion in the whole system [34].
In this work we solve Eq. (4.12) directly in the polar coordinates (r, ). We
discretize both

2 [0, 2⇡) and E 2 [0, 75] MeV into pre-determined, equal-sized,

discrete bins, and we solve the corresponding polarization vectors adaptively along
the radial direction using a finite di↵erence algorithm derived from the Lax-Wendro↵
method [37, 34] (described in detail in Appendix A). We use a large number of
bins (128,000 for most of the calculations) to ensure the numerical convergence and
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Figure 4.1: The maximum exponential growth rate max as a function of the Fourier
moment index m and the radius r in the two-beam neutrino ring model. This
growth rate is independent of the neutrino mass hierarchy for this model. Reprinted
figure with permission from Martin et al. [40] Copyright 2019, Creative Commons
Attribution 4.0 International license.

the accuracy of the results. We use a relatively small number (128) of energy bins
because collective neutrino oscillations are known to be insensitive to the energy
resolution. We do not enforce the unitary condition |P| = |P̄| = 1 but use it as a
validity check of the calculations.
Although the neutrino gas has flavor instabilities even on the neutrino ring in
the two-beam model, this is not necessarily the case for the 2D and 3D models with
continuous angular distributions in neutrino emission. It has been shown that these
instabilities can be suppressed near the proto-neutron star by the presence of a large
matter density [42]. (The largest index of the unstable moments is underestimated
in Ref. [42] because of the absence of a factor of

2
max

in its Eq. (2.6).) To mimic

this suppression in the supernova environment, we start the calculations at various
radii rini in the two-beam ring model. In this work we study six cases with di↵erent
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neutrino mass hierarchies and various values of rini which are listed in Table 4.1. We
stop the calculations at rfin = 350 km where the neutrino fluxes are too small to
a↵ect oscillations.
In all six cases, we assume the following energy-independent initial conditions for
the polarization vectors:

P±
E (rini ,

)=

P̄±
E (rini ,



) = ✏± , 0,

q
1

✏2± ,

(

⇡)2 /2

(4.16)

where

2✏ ( ) = ✏+ ( ) = ✏0 + ✏1 sin( ) + ✏g e

with ✏0 = 10 3 , ✏1 = 10 4 , ✏g = 10 3 , and

2

2

(4.17)

= 0.1. We have intentionally broken the

symmetry between the two neutrino beams emitted from the same point so that the
neutrino gas can be unstable in both mass hierarchies even for the m = 0 mode. We
have also included perturbations which break the circular symmetry both globally
and locally.

Table 4.1: The parameters of the six cases in the numerical survey of the two-beam
neutrino ring model.
Case No. Hierarchy rini (km)
bins
I
IH
105
128,000
II
IH
120
128,000
III
IH
140
128,000
IV
NH
120
256,000
V
NH
130
128,000
VI
NH
140
128,000
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Figure 4.2: Top panels: The ratios of local ⌫e densities with and without flavor
conversions, n⌫e /n0⌫e , in the polar coordinates (r, ) in cases I through III which all
employ the inverted neutrino mass hierarchy (IH) and have rini = 105 km (left panel),
120 km (middle panel), and 140 km (right panel), respectively. Bottom panels: The
ratios hn0⌫e i/n0⌫e and hn0⌫¯e i/n0⌫¯e averaged over at the same r. The values of rini , the
radii where the calculations begin, are shown as the vertical dot-dashed lines in the
bottom panels. Reprinted figure with permission from Martin et al. [40] Copyright
2019, Creative Commons Attribution 4.0 International license.

4.3
4.3.1

Flavor evolution
Inverted mass hierarchy

In the upper panels of Fig. 4.2 we show the ratios of local ⌫e densities with and
without flavor conversions,
Z
n ⌫e
1 1 +
=
[(PE,3 + PE,3 )(f⌫0e
n0⌫e
4 0

f⌫0⌧ ) + 2(f⌫0e + f⌫0⌧ )] dE,

(4.18)

in cases I through III with the IH which mimic the scenarios where the matter
suppression is lifted at radii rini = 105 km, 120 km, and 140 km, respectively. We
also show the ratios hn⌫e i/n0⌫e and hn⌫¯e i/n0⌫¯e averaged over the angular coordinate
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in the lower panels of the same figure. Similar to the 1D bulb model [29, 28],
the neutrino gases in the 2D ring model exhibit bipolar-like oscillations in all three
cases shortly after the calculations begin. The oscillation length scales increase with
p
r because the bipolar oscillation have frequency / µ(r) [43, 44] which decreases
with r in the ring model. These oscillations at di↵erent

are coherent initially,

although the circular symmetry is broken as manifested by the slight

dependence

of n⌫e /n0⌫e in the upper panels of the figure. Similar to the neutrino gases in the line
model [34], small flavor structures begin to develop at r ⇡ 160 km in case I, and

hn⌫ i/n0⌫ reach equilibrium values at r ⇡ 180 km after the small-scale flavor structures
are sufficiently developed. In contrast, the coherent bipolar-like oscillations continue
in cases II and III until r & 250 km where collective oscillations fade away because
of the low neutrino densities.

Figure 4.3: The ⌫e flavor survival probability P⌫e ⌫e (r, ) (averaged over the two
neutrino beams) for the same three cases described in Fig. 4.2 at radii rini + 10 km
(top panels) and rfin = 350 km, respectively. Reprinted figure with permission from
Martin et al. [40] Copyright 2019, Creative Commons Attribution 4.0 International
license.
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In Fig. 4.3 we show the electron flavor neutrino survival probabilities P⌫e ⌫e ( , E)
(averaged over the two neutrino beams) in the above three cases at both 10 km
after the calculations begin and the final radius rfin = 350 km where we stop the
calculations. This figure shows that the bipolar-like oscillations in all three cases are
coherent across both the angular space and the energy space initially. It is also clear
that the circular symmetry is manifestly broken by collective oscillations in all three
cases, especially for neutrinos with energies larger than a few MeV. However, the
neutrino gases in the three cases reach di↵erent fates at the final radius. In case I, the
flavor survival probability P⌫e ⌫e ( , E) of the gas at rfin has rather rapid oscillations
in terms of

but a relatively smooth dependence of E. In contrast, in case III, the

circular symmetry is almost completely restored at rfin where P⌫e ⌫e ( , E) has very
little dependence on

and is a step function of E. This step-like dependence of P⌫⌫

is known as the spectral swap/split which is a hallmark of the collective neutrino
oscillations in the 1D bulb model [29, 28]. Case II is in the middle ground between
cases I and III. Its final neutrino flavor survival probability P⌫e ⌫e ( , E) show both
the spectral swaps/splits and explicit breaking of the circular symmetry.
In Fig. 4.4 we compare the averaged initial and final energy spectra for all neutrino
species in cases I through III. In case I, the average spectra of ⌫¯e and ⌫¯⌧ become
similar to each other at rfin , and so are ⌫e and ⌫⌧ with E & 15 MeV. We note that
the spectra of ⌫e and ⌫⌧ cannot be similar in all energy range, or the ELN L defined
in Eq. (4.13) would not be constant. In contrast, The e and ⌧ flavor (anti-) neutrinos
partially swap their energy spectra in the other two cases as in the bulb model.

4.3.2

Normal mass hierarchy

The behaviors of the neutrino gases with the NH are qualitatively the same as those
with the IH. In the upper panels of Fig. 4.5, we show the ratios n⌫e /n0⌫e as functions
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Figure 4.4: The average energy spectra hf⌫ (E)i (over both the angular coordinate
and the neutrino beams) for various neutrino species and at the initial and final
radii, rini and rfin , (as labeled) in the three cases described in Figs. 4.2 and 4.3.
Reprinted figure with permission from Martin et al. [40] Copyright 2019, Creative
Commons Attribution 4.0 International license.
of r and

for cases IV through VI which mimic the scenarios where the matter

suppression is lifted at radii rini = 120 km, 130 km, and 140 km, respectively. In the
lower panels we show the angle averaged ratios hn⌫e i/n0⌫e and hn⌫¯e i/n0⌫¯e as functions
of r. Compared to the IH cases, the neutrino gases with the NH are more prone to
develop fine flavor structures. Even the neutrino gas in case V with rini = 130 km
begins to have small-scale flavor structures at r ⇡ 180 km.
In Fig. 4.6 we show both the electron-flavor neutrino survival probabilities and
the averaged energy spectra of ⌫e and ⌫⌧ at the final radius. Similar to case I, P⌫e ⌫e
in case IV has rapid oscillations with respect to

but is relatively smooth in E.

The small-scale flavor structures result in similar ⌫e and ⌫⌧ spectra at E & 18 MeV.
Similar to case III, both the survival probability and average energy spectra in case
VI have developed spectral swaps/splits. Case V is in the middle ground between
cases IV and VI and has more explicit fine flavor structures than case II.
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Figure 4.5: Similar to Fig. 4.2 but for a set of 3 calculations, cases IV through
VI, with the normal neutrino mass hierarchy (NH) and with rini = 120 km, 130 km,
and 140 km, respectively. Reprinted figure with permission from Martin et al. [40]
Copyright 2019, Creative Commons Attribution 4.0 International license.

We note that case VI is in contrast to the bulb model which does not produce
swap/split in the NH scenario (without a suitable matter profile). This di↵erence is
due to the fact that the neutrinos in the bulb model possess an axial symmetry about
the radial direction which corresponds to the symmetry between the two neutrino
beams in the ring model. The latter symmetry is spontaneously broken when the
circular symmetry is violated. It has been shown that the neutrino oscillation modes
which break the symmetry in momentum space (e.g., the axial symmetry in the bulb
model) in the NH scenarios behave in a way qualitatively similar to the symmetry
preserving modes in the corresponding IH scenarios [45, 46, 47, 48].
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Figure 4.6: The ⌫e flavor survival probability P⌫e ⌫e (r, ) and the average energy
spectra hf⌫ (E)i for ⌫e and ⌫⌧ at rfin in the three cases described in Fig. 4.5. Reprinted
figure with permission from Martin et al. [40] Copyright 2019, Creative Commons
Attribution 4.0 International license.

4.4

Discussion and conclusions

We have developed a numerical code to study the nonlinear behavior of a dense
neutrino gas emitted from a 2D ring. Inspired by the suggestion that flavor evolution
may be suppressed by a large matter density near the proto-neutron star, we have
elected to investigate the behavior of the gas in the nonlinear regime for cases in
which flavor evolution is onset at di↵erent radii. We have chosen a set of Fermi-Dirac
energy spectra for the neutrinos of di↵erent flavors and simulated the evolution of
the gas from two initial emission angles.
Our results show two distinct behaviors, each of which has been observed in
previous studies. We find that, when flavor conversion is onset at higher neutrino
number densities (and at lower radii), the spatial correlation of the neutrino flavor
field can be largely destroyed. This behavior is similar to that of the neutrino gases
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in the 2D neutrino line models which have constant neutrino densities. Although the
flavor instability window shifts and narrows with the decreasing neutrino densities in
the ring model, small-scale flavor structures have been sufficiently developed before
the window fully closes. In this scenario, the antineutrinos of di↵erent flavors achieve
similar energy spectra in the end. The neutrinos of di↵erent flavors with relative high
energies also obtain similar spectra, but at low energies the spectra must di↵er in
order to respect the conservation of the ELN.
In our study we also find that there exists an opposite scenario in which the
gas is unstable to self-induced flavor conversion, but the neutrino flavor field remain
coherent in space. In this second scenario, although the spatial symmetry (i.e. the
circular symmetry in the ring model and the spherical symmetry in the bulb model)
is manifestly broken by neutrino oscillations, there is not a sufficient window for the
small-scale flavor structures to be fully grown. Remarkably, the spatial symmetry is
restored as the collective neutrino oscillations cease. We also observe spectral swaps
with corresponding sharp splits in the survival probabilities. This spectral swap/split
behavior is a characteristic of the neutrino flavor transformation in 1D studies, but
until now it has not been observed in 2D models.
We have observed qualitatively similar behaviors for the neutrino gases with the
NH and IH, although the NH scenarios are much more prone to the development of
small-scale flavor structures than the IH ones. In the limiting scenarios where the
spatial correlation of the neutrino flavor field is maintained, the neutrino gases obtain
similar spectral swaps in either mass hierarchy. Although we have demonstrated this
phenomenon using the energy spectra similar to those with which the spectral swaps
were first reported [29, 28], we have verified that similar results also obtain when
other neutrino spectra, e.g., the ones which induce multiple swaps/splits [49, 30], are
employed.
Our study highlights the inadequacy of the analytic analysis of the flavor stability
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of the neutrino gas in the linear regime, which does not predict the behavior of the
neutrino flavor transformation in the nonlinear regime. Our results suggest that
neutrino oscillations, independent of which scenario may occur in a real supernova
environment, can have important impacts on the nucleosynthesis and the neutrino
signals (e.g., see Refs. [50, 51, 52]).
The neutrino ring model we adopted has only two neutrino beams from each emitting point. It is known that the dispersion in the flavor oscillations of the neutrinos
propagating in di↵erent trajectories can introduce kinematic decoherence and even
suppress oscillations [38, 53, 30]. We have artificially begun our calculations at di↵erent radii to mimic the suppression of the large matter density. These shortcomings
will be addressed in future works.
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Dynamic 1D Axial Model

5.1

Introduction

As discussed in Ch. 2, through neutrino-neutrino forward scattering [20, 54, 24], the
whole neutrino gas can experience flavor transformation collectively (e.g., [55, 56, 29];
see also [57, 58] for reviews). When the angular distributions of ⌫e and ⌫¯e cross
each other (and the other neutrino species have the same emission properties), the
collective oscillations can occur on distance/time scales of ⇠ GF n⌫ [59, 60], where
GF and n⌫ are the Fermi coupling constant and the neutrino density, respectively.
The rapid progress in this research area may lead to a revolution in the current
understanding of the supernova physics.
With a few exceptions [61, 62, 63], the existing studies of the fast neutrino
oscillations focus on the dispersion relations (DR) of the flavor oscillation waves and
the associated instabilities which are derived from the linearized equations of motion
which govern the flavor transformation of the neutrino medium [32, 64, 65, 33, 66,
67, 68, 69, 70, 71, 72]. An important reason for the lack of research in fast neutrino
oscillations in the nonlinear regime is the large dimensionality of the problem (which
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has a total of seven dimensions in the time, coordinate and momentum spaces). The
only studies that investigate the nonlinear regime either make the assumption of the
complete homogeneity [62] or use a toy model with just a few (anti-)neutrino beams
[63] or do both [61]. In this chapter we study a one-dimensional (1D) neutrino gas
of many neutrino momentum modes with translational symmetries imposed along
the x and y directions and an axial symmetry imposed about the z axis. We will
use this model to demonstrate how a small perturbation in an almost homogeneous
flavor distribution can give rise to a dynamic, nonlinear flavor oscillation wave which
redistributes and transports the electron lepton number across space.

5.2

Equations of motion

We will continue to consider the mixing between two neutrino flavors, ⌫e and ⌫⌧
with ⌫⌧ being an appropriate linear combination of the physical ⌫µ and ⌫⌧ . As we
argued in Sec. 2.3.4, fast neutrino flavor oscillations can occur even in the limit that
! ! 0 provided that an initial perturbation is seeded in the coherence between
the neutrino flavors. With this in mind, we will focus on the fast oscillations for
which the Hvac / !B term in in Eq. (2.43) can be ignored apart from providing
the aforementioned seed perturbation. We assume that neutrinos are in (almost)
pure weak-interaction states with uniform densities initially and that ne is constant
and uniform. For simplicity, we further assume that the neutrino gas possesses a
perfect axial symmetry about the z axis which is also a symmetry of the EoM. In
this case, it is convenient to define the initial (angular) electron lepton number (ELN)
distribution of the neutrinos to be [64]
Z
2⇡ 1
G(u) =
[(f⌫e
n ⌫e 0

f ⌫⌧ )

(f⌫¯e

f⌫¯⌧ )]

E 2 dE
,
(2⇡)3

(5.1)

where u = vz is the velocity component of the neutrino along the z axis, and f⌫ (~p)
R
d3 p
and n⌫ = f⌫ (~p) (2⇡)
3 are the occupation number and the number density of the
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neutrino species ⌫ initially. Because the dependence of the neutrino energy appears
only through the vacuum mixing term in the EoM, the fast oscillations of both the
neutrinos and antineutrinos of the same value of u but di↵erent energies can all be
represented by a single normalized flavor polarization vector P(t, z, u). A polarization
vector P = [0, 0, 1] indicates that the (anti)neutrino is in the electron flavor. After
the above simplifying assumptions are employed, the polarization vector has the EoM

Z 1
(@t + u@z ) P = e3 + µ
(1 uu0 ) G0 P0 du0 ⇥ P,
(5.2)
1

where G0 and P0 are the corresponding quantities that depend on u0 . Finally, the
ELN distribution at the spacetime point (t, z) is given by G(u)P3 (t, z, u).
From Eq. (5.2) one can easily deduce the ELN conservation law [73]
@t hP3 i + @z huP3 i = 0,
where hf i =

R1

1

(5.3)

G(u)f (u) du for an arbitrary function f (u). Unlike in a homoge-

neous neutrino gas [26], the ELN density hP3 i is no longer constant, and the ELN
can be redistributed and transported in space.
In the remaining sections of this chapter, we measure the distance and time in
units of µ

1

by setting µ = 1. We will also assume

= 0. For a finite and constant

matter density, this is equivalent to choosing a reference frame which rotates about
e3 with an angular frequency . Such a transformation does not change the value
of P3 which determines the conversion probability between the two neutrino flavors
[44].

5.3

Convective and absolute instabilities

In the limit P? ⌧ 1, where P? is the magnitude of the component of P that is
perpendicular to e3 , Eq. (5.2) can be analyzed using the familiar linear stability
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analysis technique. From the linearized EoM one can derive the DR ⌦(K) of the
collective oscillation wave [64] which is of the form
S(t, z, u) = P1

iP2 / ei(Kz

⌦t)

,

(5.4)

where ⌦ and K are the frequency and wavenumber of the collective oscillation
wave, respectively. The neutrino gas possesses a flavor instability if there exists
a DR branch with Im(⌦) > 0. In this case, P? grows exponentially with time and
significant flavor transformation can ensue. The flavor instabilities can be either
convective or absolute [66]. For a convective instability, a perturbation moves away
from its origin as it grows in both amplitude and extent. In contrast, the perturbation
still embraces the point of the origin during the growth of an absolute instability [74].
To demonstrate these two kinds of instabilities, we consider two ELN distributions, G3a and G4b , both of which are of the form
G(u) = g(u, 0.6)

↵g(u, 0.53),

(5.5)

where g(u, ⇠) / exp[ (u 1)2 /2⇠ 2 ] with a proportionality constant chosen such
R1
that 1 g du = 1, and we use ↵ = 0.9 for G3a and 0.92 for G4b , respectively. (These
distributions are shown as the solid curves in Fig. 5.4.) We computed the (collective)
DR branches for both distributions and show them in Fig. 5.1.
The ELN distributions of the dynamic model studied in this work can be classified
into six categories according to the analytic properties of their DRs with no ELN
crossing for the distributions in category I and deepest crossings in category VI [70].
Distributions G3a and G4b fall into categories III and IV, respectively, and illustrate
the di↵erence between the convective and absolute instabilities. Distribution G3a has
a convective instability which is associated with a pair of complex-⌦ and complex-K
DR branches (shown as the dotted and dashed curves, respectively) in the lower left
quadrant (delineated by the horizontal and vertical dot-dashed lines) of the upper left
panel of Fig. 5.1. These two branches originate from the same (critical) point inside
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Figure 5.1: The various DR branches of the fast flavor oscillation waves in the
dense neutrino gases with the initial ELN distributions G3a (left) and G4b (right),
respectively. The results are obtained using the continuous ELN distributions except
for the solid curves in the bottom panels which are calculated with 200 discrete angle
bins. Unlike in the Rearly references such
R 1 as [64, 70], the values of ⌦ and K shown here
1
are not shifted by 1 G(u)du and 1 uG(u)du (which are shown as the horizontal
and vertical dot-dashed lines, respectively). The so-called forbidden regions which
are avoided by the real DR branches are shown as the shaded regions. Reprinted
figure with permission from Martin et al. [75] Copyright 2019, Creative Commons
Attribution 4.0 International license.

the forbidden region (shown as the shaded region) and end at two separate (critical)
points on the same real DR branch (shown as the solid curve). A separate complex-K
branch connects from the real branch to the horizontal dot-dashed line from below.
As the ELN crossing becomes deeper and G3a becomes G4b , these two complex-K
branches fuse together and bypass the real branch (on a di↵erent Riemann plane).
This indicates that the convective instability has become absolute. Similar process
has occurred for the complex-K branches above the horizontal dot-dashed line as
the ELN distribution evolves from category II to III which produces similar absolute
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instabilities for both G3a and G4b . (See Ref. [70] for more details.)
To demonstrate the natures of the instabilities, we solved Eq. (5.2) with a variant of the numerical code which solves the stationary 2D neutrino line model [34].
(The numerical algorithm is discussed in detail in Appendix A.) Calculations were
performed on a 1D lattice of 24, 000 points equally spaced on the z axis in a periodic
box of size L = 1200. We assumed the initial condition
P(0, z, u) = [✏(z), 0,
with
✏(z) = ✏0 e
where ✏0 = 10

6

and 10

7

p
1

(z z0 )2 /50

✏2 (z)]

,

(5.6)

(5.7)

for the cases with G3a and G4b , respectively, and z0 = L/2.

The width of the initial perturbation is chosen in such a way that it is well resolved
on the lattice in the coordinate space and that it encompasses both complex-⌦
branches in the Fourier space. We used 200 equally spaced angle bins for u 2 [ 1, 1]
which reproduce the correct Im(⌦) in the linearized flavor stability analysis (lower
panels of Fig. 5.1). We verified that the Fourier transform of P(t, z, u) has the same
exponential growth rate as what is predicted by this analysis. Unlike stationary 2D
models [42, 76], however, there are no unstable spurious modes in this model.
In Fig. 5.2 we show P? (t, z, 0.5) for a few snapshots in both cases. For the
gas with G3a , the initial perturbation splits into two at later times. One part of the
perturbation is advected toward the left with an almost constant peak amplitude
and a velocity V ⇡

1. The other part of the perturbation moves toward the right

while growing in both amplitude and extent. The leftward advection of one part of
the perturbation is due to the section of the real DR branch with the group velocity
V = d⌦/dK ⇡

1. The growth and expanding of the other part of the perturbation

is because of the convective instability which was previously explained. The absolute
instability of G3a is dwarfed by the convective instability and cannot be clearly
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Figure 5.2: The perpendicular components P? of the neutrino polarization vectors
of u = 0.5 as functions of the position z at various times t (as labeled). The
neutrino gases are confined within a periodic box of size L = 1200 with similar
initial perturbations as specified in Eqs. (5.6) and (5.7) but with di↵erent magnitudes:
✏0 = 10 6 for the gas with the G3a distribution (left panel) and 10 7 for G4b (right
panel). Reprinted figure with permission from Martin et al. [75] Copyright 2019,
Creative Commons Attribution 4.0 International license.

identified in this calculation. The behavior of the neutrino gas with G4b is similar
to that with G3a with an important di↵erence. Because the growing perturbation is
caused by an absolute instability in this case, it expands both right and (slightly)
left, although its peak still moves rightward. (This is clearly seen by comparing, e.g.,
the green dot-dashed curves and the red dotted ones in the figure.)

5.4

Nonlinear regime

To study the fast oscillations in the nonlinear regime, we again consider the neutrino
gases with the initial ELN distributions G3a and G4b . We assume the same initial
conditions described by Eqs. (5.6) and (5.7) but with ✏0 = 0.1 for both cases. We
also use a larger box with L = 2400 resolved by 48, 000 lattice points.
In the top and middle panels of Fig. 5.3 we show a few snapshots of each components of the polarization vectors P of the right going neutrino beams. In both cases,
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Figure 5.3: The polarization vectors (P1 as solid curves and P2 as dotted curves
in the top panels, and P3 in the middle panels) of the neutrino gases for the right
going beams and the ELN density hP3 i (bottom panels) as functions of position z
at various times t (as labeled). The curves are o↵set from each other (by 2 units
in the top and middle panels, 0.03 in the bottom left panel, and 0.1 in the bottom
right panel) for clarity. The setups of the calculations are similar to those in Fig. 5.2
except with a larger box size L = 2400 and a larger initial perturbation (✏0 = 0.1
for both G3a and G4b ). Reprinted figure with permission from Martin et al. [75]
Copyright 2019, Creative Commons Attribution 4.0 International license.

the initial small perturbations grow into flavor oscillation waves which are described
by the precession of P in the plane perpendicular to the flavor axis e3 . The regions
in which the waves exist extend with time as they propagate. Similar to the linear

85

Chapter 5. Dynamic 1D Axial Model

Figure 5.4: The comparison of the initial ELN distributions (t = 0, solid curves)
and those at a couple of di↵erent spacetime points (t, z) (dashed and solid curves) for
the calculations described in Fig. 5.3. Reprinted figure with permission from Martin
et al. [75] Copyright 2019, Creative Commons Attribution 4.0 International license.

regime, the wave region moves slowly away from the origin of the perturbation in the
gas with the G3a distribution, but continues to embrace the origin of the perturbation
in the gas with the G4b distribution.
In the bottom panels of Fig. 5.3 we show the ELN density hP3 i for the same
snapshots as in the top and middle panels. Instead of having a uniform spatial
distribution, the lepton number is transported and redistributed as the neutrino
oscillation waves propagate. Specifically, hP3 i develops a dip near the end of the wave,
an extensive plateau in the forepart of the wave, and some oscillations in between. In
Fig. 5.4 we show the ELN distribution GP3 at t = 900 for two representative positions
in each case, one in the dip, and the other on the plateau. On the plateau the flavor
conversion occurs almost completely in the forward direction where G(u) < 0, while
in the dip the flavor conversion occurs across the entire angular distribution.
In Fig. 5.5 we show the components of P for all neutrino beams at t = 900. Unlike
in the stationary 2D models which are plagued with small-scale flavor structures
[36, 39, 34], a coherent flavor oscillation pattern is clearly seen in both neutrino
gases.
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Figure 5.5: The three polarization components, P1 (top panels), P2 (middle panels),
and P3 (bottom panels), of the neutrino gases in the calculations described in Fig. 5.3
at t = 900. Reprinted figure with permission from Martin et al. [75] Copyright 2019,
Creative Commons Attribution 4.0 International license.

5.5

Discussion and conclusions

In this work we studied the fast flavor oscillation waves in two 1D neutrino gases
with the ELN distributions that are similar to what have been found in the neutrino
decoupling region of some supernova models [69]. By solving the EoM numerically
that governs the fast oscillations, we demonstrated that the initial ELN distributions
which satisfy the corresponding criteria given in Ref. [70] are indeed associated
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with convective and absolute instabilities in the linear regime. Because of these
instabilities, a small perturbation in an initial flavor distribution that is almost
uniform in space can develop into a fast oscillation wave which both propagate
and extend in space. Although the distinction between the convective and absolute
instabilities is relative and depends on the choice of the reference frame [77], it is of
practical value for supernova physics because one almost always chooses the protoneutron star to be at rest.
Although the model that we used in this work has the same number of total
dimensions as the stationary 2D models [36, 39, 34], their behaviors are entirely
di↵erent in the nonlinear regime. While the stationary 2D models are plagued
with spurious instabilities and teemed with small-scale flavor structures, there is
no spurious instability in the dynamic 1D model, and the flavor oscillations remain
coherent for the neutrinos with di↵erent momenta and at di↵erent locations.
Our findings can have interesting implications for supernova physics. The neutrino emission properties and even the explosion dynamics of the core-collapse supernova can be a↵ected as fast oscillations induce large-amplitude flavor conversions and
transport the lepton numbers. Following the previous studies of the fast neutrino
oscillations in the linear regime [32, 13, 69], this work calls for more self-consistent
supernova simulations such as [78] with detailed information of the angular distributions of the neutrinos emitted. In the future one should also consider the feedback
to the electron distribution due the fast neutrino flavor conversions.
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Conclusion
In this thesis, we have shown a variety of phenomena which are all made possible by
the fact that neutrinos have tiny but nonzero masses. This experimentally observed
fact has important consequences for the evolution of any system which is sensitive
to the flavor of neutrinos which are present. Though they interact only very weakly,
neutrinos are critically important to our understanding of some of the astrophysical
phenomena.
Through the coherent forward scattering processes we described in Ch. 2 neutrinos can change their flavor. This becomes challenging to self-consistently describe
when the number densities of neutrinos becomes significant (relative to the relevant
oscillation scales induced by the vacuum and matter e↵ects.) A complete description
involves solving a set of transport equations which is inherently non-linear due to
the coupling of the neutrino gas to itself.
Initial explorations of this gas utilized significant simplifying symmetries in order
to make the governing equations of motion more tractable. Subsequent explorations
utilized stability analysis techniques to study the gas when least one initially enforced
spatial symmetry is relaxed. These studies demonstrated that the neutrino gas
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can spontaneously break an initially spatially symmetric configuration. Using these
analysis techniques it was shown that the gas should be expected to develop variations
in the flavor field at multiple length scales.

6.1

Summary

We have developed a simulation code utilizing a finite di↵erence method to solve the
development of neutrino flavor in systems with two degrees of freedom. We then
utilized this software to study three important cases.
The neutrino line model represents a simple extension of the “bipolar” model
in the sense that there are only single energy neutrinos and antineutrinos. In this
case, the neutrino gas is allowed to develop flavor structure through the steady state
emission of neturinos into a two dimensional Euclidean plane. In this calculation,
we considered monochromatic neutrinos and antineutrinos emitted in two directions.
We investigated how structure develops by di↵using from large to small scale spatial
variations in the flavor content. We observed that the system does not experience full
flavor equipartition on average. Instead, the average probability of finding the gas in
the electron flavor is sensitive to the ratio of the number densities of antineutrinos to
neutrinos, with smaller antineutrino number densities leading to a higher probability
of finding electron flavor neutrinos on average.
The neutrino ring model represents an extension of the “bulb” model which
simulates the steady state emission of neutrinos from a single spherical surface (or
circle in the ring model) surface, but which allows variations in the flavor content of
the neutrino gas both radially and rotationally about the initial emission ring. We
continued to use the two emission angle approximation, but in this calculation we
utilized a Fermi-Dirac like energy spectrum for the neutrinos and antineutrinos. We
observed that the gas displays two distinct behaviors which strongly depend on the
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radius at which flavor conversion begins.
We found that, in the ring model, when the neutrino gas becomes unstable
to flavor conversion at lower radii (equivalently higher neutrino number densities),
the gas strongly breaks the initial rotational symmetry by forming very fine scale
structure. However, if the gas remains stable to higher radii, the system instead
behaves very similarly to the neutrino bulb model by displaying a characteristic
swap in the energy spectrum. Furthermore, in the second case the gas displays an
imprint of the intial rotational symmetry breaking perturbation in early radius flavor
oscillations, but then restores (or partially restores) the rotational symmetry.
The results from these first two models may have important consequences for
simulations of core-collapse supernovae. In the case where very fine structure is
expected, if resolution is not required on those scales then our results suggest a statistical treatment of the average behavior of the gas may be possible. Furthermore,
the results from the ring model simulations indicate that simulations of flavor conversion in multidimensional simulations may not universally require the extreme spatial
resolutions that are characteristic of the neutrino line model.
In the last case, we simulated the dynamic development of fast neutrino oscillations along the axis of a one dimensional space. These fast neutrino flavor conversions
occur on length scales as small as a centimeter. We demonstrated that we can utilize
the linearized equations of motion to qualitatively understand the behavior of the
neutrino conversion region. The linearized equations of motion can be utilized to
derive a dispersion relation in spacetime which can subsequently be used to identify
whether the gas will experience convective or absolute instability. In a given reference
frame using the linearized system, a convective instability predicts the exponential
growth of a spatial perturbation will tend to be transported away from its initial
location. In contrast, the flavor conversion due to the absolute instability embraces
the initial perturbation location so that flavor conversion remains local.
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Our simulation of this dynamic system demonstrates that, while exponential
growth does not persist for all time (as it cannot if probability is to be conserved), the
convective or absolute nature of the system is observable into the nonlinear regime.
In our example calculations, the system which is convectively unstable in the linear
regime forms a wave train of spatial flavor oscillations which is transported away from
the initial perturbation location. In contrast, the system which is absolutely unstable
in the linear regime continues to embrace the initial perturbation seed location after
nonlinear e↵ects have obtained, though flavor conversion does continue to spread
throughout the space.

6.2

Concluding remarks

The dense neutrino gas displays a variety of rich and intriguing phenomena which we
have studied both numerically and analytically. However, even as we have relaxed
previously imposed symmetries, the problems we have studied are still simplified toy
models which imitate aspects of the physically relevant systems. This thesis serves
as a tool for developing intuition on what behaviors might be expected to arise in
less simplified simulations.
However, even before considering higher dimensional simulations (by adding another spatial dimension to any of these models) we should consider performing full
multiangle calculations in both the ring and line models. This is especially important
for the ring model, as we have imitated the suppression of flavor instability by the
multiangle matter e↵ect in an ad hoc way in our simulations.
Furthermore, our calculations have only simulated the coherent evolution of the
dense neutrino gas. While this coherent evolution through forward scattering is
the dominant e↵ect, it is possible that incoherent collisional e↵ects may play an
important role in the development of the neutrino gas. It should be a consideration

92

Chapter 6. Conclusion
for simulations moving forward to implement such collisional e↵ects to determine
what impact they may have on neutrino flavor conversion, especially in regions of
high nucleon density.
We also have worked exclusively in the two flavor approximation. While this does
simplify the equations of motion and allow for the development of analogs to classical
physics, we know that there are at least three neutrino species. Future work should
utilize three flavors and explore the e↵ect of the additional scale introduced by the
smaller mass splitting, as well as any possible e↵ects introduced by the CP-violating
phase which is wholly absent in the two flavor approximation.
Finally, we have also neglected more exotic possible neutrino physics. If, for
example, strong evidence for a fourth sterile neutrino was observed, it could significantly complicate the relevant equations of motion. In this thesis, neutral current
forward scattering on non-neutrino fermions was neglected as it only contributes to
an overall phase which is equal for all neutrino species. However this process will
result in a relative phase di↵erence between the three active neutrino species and
the sterile species. Therefore, this more exotic but theoretically exciting neutrino
physics should be explored in future work.
The study of the dense neutrino gas is a rich area with many avenues along which
inquiry can proceed. If the previous work on these systems is any indication of what
future results might show, we can anticipate being pleasantly surprised.

93

Appendix A
Numerical Algorithm
In this appendix, we will present the finite di↵erence algorithm which is utilized
to solve the equations of motion for the three models in chapters 3 through 5. To
present the algorithm we consider the proto-typical di↵erential equation
(@t + v@z ) f (t, z) = g(v, f (t, z); t, z).

A.1

(A.1)

Finite Di↵erence Solution

In order to solve Eq. (A.1) we can apply a finite di↵erence approximation to the
derivatives and then use the approximation to evolve the system from t ! t +
Our proposed solution is given by
⌘ ⇣
⌘i
v t h ⇣ (n+1/2)
(n+1)
(n)
(n+1/2)
(n+1/2)
(n+1/2)
f(j) =f(j)
27 f(j+1/2) f(j 1/2)
f(j+3/2) f(j 3/2)
24 z
h
⇣
⌘
⇣
⌘i
t
(n+1/2)
(n+1/2)
(n+1/2)
(n+1/2)
+
9 g(j+1/2) + g(j 1/2)
g(j+3/2) + g(j 3/2)
16

t.

(A.2)

+ O( t3 , z 4 t).

(n)

In the above we have introduced the notation f (t, z) ! f (n t, j z) = f(j) for the
function evaluated at the discrete bins.
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In order to use this, we need the values of both f and g at the half grid points,
j ± 1/2 and n + 1/2. However, since we have the di↵erential equation given in
Eq. (A.1), we only need to propagate f to n + 1/2 and j ± 1/2, and then we can use
(n+1/2)

Eq. (A.1) to get g(j±1/2) . To do this, we can take a half step to the half z grid points
using

(n+1/2)

f(j+1/2) =

⌘ ⇣
⌘i
1 h ⇣ (n)
(n)
(n)
(n)
9 f(j+1) + f(j)
f(j+2) + f(j 1)
16
⌘ ⇣
⌘i
v t h ⇣ (n)
(n)
(n)
(n)
27 f(j+1) f(j)
f(j+2) f(j 1)
48 z
⌘ ⇣
⌘i
t h ⇣ (n)
(n)
(n)
(n)
+
9 g(j+1) + g(j)
g(j+2) + g(j 1)
32

(A.3)

+ O( t2 , z 4 t).

(n)

(n)

So the algorithm proceeds as such. Given that I know f(j) and g(j) , the first
(n+1/2)

step is to calculate f(j±1/2) using Eq. (A.3), then I use those values of f to calculate
(n+1/2)

g(j±1/2) . Finally, I use the values of f and g at the half-grid points in Eq. (A.2) to
get the esimated values of the function for all z = j z at t = t +

t.

We can perform a stability analysis [37] on the method to determine what the
e↵ect of its application is on the structure at the smallest scales. In general, we would
like a numerical algorithm to leave the power in di↵erent length scales una↵ected by
its application. We would like such structure to only be a↵ected by the physics of the
problem, not by our choice of the numerical method. A worst-case-scenario would
be if the algorithm results in the unphysical growth of perturbation at small length
scales.
In order to study how the algorithm a↵ects the system at di↵erent scales, we will
first set the forcing term g = 0. This will allow us to study what numerical e↵ects
of our finite di↵erence approximation arise. We assume that we can express f in
the Fourier domain as a time dependent amplitude multiplying a spatial phase so
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(n)

(n)

that f(j) = ⇠(k) eijk
(n)
(|⇠(k) |)

of

(n)
f(j)

z

. We would like to determine what happens to the amplitude

in the wavenumber k when the algorithm takes a step from n ! n + 1.
(n)

We can take the Fourier form of f(j) and substitute it into the discretized Eq. (A.2)
using the intermediate grid points given by Eq. (A.3). We find
(n+1)

⇠(k)

(n)
⇠(k)

=1

i

↵
(2 sin(3k z)
384

72 sin(2k z) + 522 sin(k z))
(A.4)

2

+

↵
(2 cos(3k z)
1152

108 cos(2k z) + 1566 cos(k z)

1460) .

In this expression ↵ = v t/ z. For notational convenience we define ⇣(k) =
(n+1)

⇠(k)

(n)

/⇠(k) . If ⇣(k) > 1 we expect to see growth in the wave number k as the

evolution of the system progresses. If ⇣(k)  1 then the system is stable, and in the
case that it is less than unity, we will see some numerical damping of the power in
the scale corresponding to k.
We have plotted the strength of ⇣(k) in Fig. A.1 as a function of the wave number
and ↵ to determine the stability of the numerical algorithm, and what constraints
the numerical stability places on our bin sizes. In general, we will solve the problem
in a box of finite length L along z. If we choose N z-bins then L = N z. The
Shannon-Nyquist theorem prevents us from probing scales smaller than twice the
bin width, so we expect that the largest wavenumber we need to consider is
kmax =

2⇡
.
2 z

Given that ⇣(k) involves only quantities k z, we see that kmax z = ⇡.
As we can see in Fig. A.1, fine scale structure is suppressed by numerical dissipation when ↵  0.5. In the figure are four primary contours. The red dashed
line represents ⇣(k) = 1, the black solid line represents ⇣(k) = 1.0

10 9 , the cyan

dot-dashed line represents ⇣(k) = 1.0 + 10 9 , and the pink dotted line represents
⇣(k) = 1.0 + 10 6 . The space of ⇣ above the red contour is therefore the region of the
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Figure A.1: Growth parameter ratio ⇣(k) as a function of the ratio of bin sizes
↵ = v t/ z and the length scale in question (k z). The black solid contour
corresponds to ⇣ = 1.0 10 9 , the red dashed contour corresponds to ⇣ = 1.0,
the cyan dot dashed contour corresponds to ⇣ = 1.0 + 10 9 , and the pink dotted
contour corresponds to ⇣ = 1.0 + 10 6 .

space for which the algorithm is stable and will generate some numerical dissipation
in small scales.

In the region ↵ / 0.2, the ⇣(k) parameter in large scale structure (k z / ⇡/8) is
between 1+10

9

and 1+10 6 . While this does indicate that the numerical algorithm

will spuriously increase growth in modes at these length scales, the e↵ect is miniscule.
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A.2

Implementation

Our implementation begins by proposing a step size
(n)

t. The algorithm in Eq. (A.2)

is then employed to drive f(j) from t to t +

t in one step. Then two steps of size

1
2

(n)

t are taken using the same algorithm and f(j) as the initial point. Once the two
(n+1)

sequential half steps are performed, the di↵erence between f(j)

(n+1/2+1/2)

and f(j)

is

calculated and used as an estimate of the error:
(n+1)

"(j) =

(n+1/2+1/2)

f(j)

f(j)

(n+1)

"abs + "rel fj

.

(A.5)

Once the error "(j) in every z bin is estimated the largest value among all of the
bins, denoted "(max) , is used to determine whether or not the step was successful
which we will discuss below.
(n+1)

In Eq. (A.5), the local di↵erences f(j)

(n+1/2+1/2)

f(j)

are compared in a ratio

with the absolute and relative error tolerances denoted ✏abs and ✏rel respectively. We
are free to choose these error tolerances to control the accumulation of error. The
absolute error tolerance is used to control the absolute di↵erence between the two
steps (full and two half steps). The relative error tolerance is used to control the
same di↵erence but relative to the function value.
We use the estimate of the error, "(max) , in the following way. If "(max) < 1, the
(n+1)

step is accepted by setting f(j)

(n+1/2+1/2)

= f(j)

. If "(max)

and retried with a new step size. In either case, the step size

1, the step is rejected
t is recalculated and

set equal to
tnew = "(max)

1
3

told .

(A.6)

Here we have assumed that the constant bin spacing along z is chosen such that
z4 t ⌧
to

t3 ,

t3 for all relevant values of

t. Because the error term is proportional

tnew is chosen such that the error parameter in the next trial step (whether

or not the last step was accepted) should be close to but less than 1.

98

Appendix A. Numerical Algorithm
As a validation of this algorithm, we implemented an example solution in a
periodic box of length L = 100 in arbitrary units. We placed as an initial condition,
f (z, t = 0) = e
We also chose z̄ = 20.0 and

(z z̄)2
2 2

= 8.0. We then utilized an implementation of the

algorithm to solve the di↵erential equation given in Eq. (A.1) with this initial condition. We present the solution from the numerical implementation and its analytic
counterpart in Fig. A.2. In this example we chose "abs = 10

12

and "rel = 10 8 .

Figure A.2: (Left) Solution to Eq. (A.1) in a periodic box with a gaussian initial
condition. Solid curves are the numerical evaluation of the solution at t = 0 (black)
and t = 250 (blue). The dotted and dashed lines represent the analytical expression
at t = 0 and t = 250. (Right) Residue formed by taking the absolute value of the
di↵erence between the analytic solution and the numerical solution at t = 250.
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Software Implementation
In order to take full advantage of the multiple levels of parallelism available to modern
supercomputers, we implemented the algorithm described in appendix A in C++.
There are three versions of the code which share strong similarities but also some
subtle di↵erences. The three versions correspond to the three main models discussed
in chapters 3 through 5.
In this appendix, we will present basic user instructions for the three primary
versions of the software.
The software is written using the C++ standard library for various internal uses,
the NetCDF C library [79] for simulation I/O, and both OpenMP and MPI for
parallelism. All versions of the code can be compiled with or without the following
compiler flags.

•

-DNOIO : This compiler flag will remove all significant simulation I/O as well
as remove all NetCDF dependence from the software. It will not cause the
code to run silently, however. If compiled with -DNOIO the software will not
write any data to disk.
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•

-DDEBUG : This will control how strictly the data is written to disk.

•

-DERR0 : This specifies the “strict” error handling method.

•

-DERR1 : This specifies the “spectral” error handling method.

•

-DOMP : Enables support of multithreading using OpenMP.

•

-DSIMD : Enables explicit vectorization through implementation of SIMD
compiler instructions.

These are the commonly implemented compiler instructions. Additional compiler
flags which are version specific are addressed in the relevent subsequent sections.
In order to build the software, the makefile should be modified with appropriate
compiler flags for the desired build. In order to build the executable, ensure the
makefile is in the directory which contains both the ./include and ./src folders.
Then (in a bash terminal) simply execute make all. This will create an executable
in the same directory. The executable name varies by build and is specified in the
relevant sections to follow.
The makefile can also be utilized to clean up object files. Invoking make clean
will remove all of the .o and .d files and will also delete the executable. We can also
give make dist to create a .tar.gz archive which contains all of the source code,
as well as the makefile and the config file.

Running the software
More specific instructions are given in the following sections of this appendix, but
all versions of the software follow the same basic process. In the software directory,
there will be an executable for running the software and a configuration (config) file.
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When executed, the software will read the config file and ensure that all of the user
specified parameters are acceptible.
Once the config file is read, if I/O is not disabled, the code will create a NetCDF
data file with the name specified in the config file. (If a file with the same name
already exists it will be overwritten). Once this is completed, the code will enter the
evolution phase, where it will drive the system from its initial configuration to the
user specified final condition.
When -DDEBUG is enabled, the solution driver will ensure that the data is written
to disk at strictly controlled constant intervals specified by the user in the config file.
If this flag is not enabled then the code will write to disk whenever it passes the
user specified write-interval distance since the last write. Finally, all versions of the
software flush the data to the disk every 10 writes. This prevents catastrophic data
loss if the code is halted prematurely.
If a maximum compute time is specified in the config file, the code will run until
the specified endpoint is reached or until the compute time exceeds the specified
maximum.
In the subsequent sections, we will first provide the relevant config file for the
software version, and then walk through the parameters and what the valid values
are. We will then give an overview of what the data file structure is.

A comment on the general config file behavior
Di↵erent config file parameters may take a string, a signed integer, or a signed double.
However, only a single parameter can be specified.
Furthermore, when specifying numbers, either the number can be given in decimal form or the number can be specified in scientific notation. For example,
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might be given as an (approximate) angle as -3.14159 or as -0.314159e1 or even
-31.4159e-1.

B.1

The Line Model

This version of the code solves the two beam, monochromatic line model as presented
in Ch. 3. When compiled, the executable is named lineSolver. If MPI functionality
is desired, compile this version of the code with compiler flag -DLMMPI.

B.1.1

Line model config file

Items in the config file can be commented out using the # symbol. The software will
ignore all subsequent text after # on the line and begin reading on the next line.

Config file items
max_compute_time - This is the longest time that the code will be allowed to run in
seconds. Comment out this parameter to allow the code to run until complete.
input_file_name - If restarting a calculation, this is the full path and file name to
input, including file extension.
• Example: input_file_name = /data/test/test.nc - This will restart from
a file named “test.nc” located in the directory “/data/test/” using Unix filesystem conventions.
z_initial - This is the value of the starting z value in km.
z_final - This is the value of the last z value in km.
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x_length - This is the size of the periodic box along x in km.
x_bins - The total number of constant sized bins along the x axis.
Angular Spectrum - The angular spectrum parameters determine how to approximate the velocity distribution and the angular part of the spectrum g(✓) and ḡ(✓)
in the ⌫/⌫ interaction Hamiltonian. The angle of the neutrino ✓ is measured with
respect to the z axis. The range of ✓ is given by
along the

⇡/2 < ✓ < ⇡/2, with

⇡/2 directed

x axis, and ⇡/2 along the +x axis.

angle_bins - How many total bins are used to characterize the neutrino and antineutrino velocities.
minimum_theta - The lowest value of ✓,
maximum_theta - The largest value of ✓.
delta_theta_flag - Whether to treat the spectrum as discrete or continuous but
approximated by discrete bins. If this is true, the interaction Hamiltonian for angle
bin k is calculated using
H(k)
⌫⌫ = µ

X⇥

(1

cos(✓k

✓n )) g(✓n )Pn

⇤

ḡ(✓n )P̄n

n

.

Furthermore, the bins are distributed in evenly spaced bins between the user-specified
maximum and minimum ✓ inclusively with each bin representing a single discrete
beam of neutrinos and antineutrinos. If this is false, the interaction Hamiltonian for
bin k is calculated using
H(k)
⌫⌫ = µ

X⇥

(1

cos(✓k

✓n )) g(✓n )Pn

n

ḡ(✓n )P̄n

⇤

✓.

In this case, ✓ is distributed between the max and min in the user specified number
of bins with each value of theta specified at the half-grid point to represent the value
of the continuous (but discretely approximated) function. The code utilizes constant
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spacing given by
✓=

(✓max ✓min )
.
✓-bins

energy_min - The energy of the neutrinos and antineutrinos in the monochromatic
line model. Called “min” for historical reasons.
vacuum_angle - The vacuum mixing angle in the two flavor approximation.
mass_splitting -

m2 in the two flavor approximation. Should be given in MeV2 .

mu - The value of µ =

p

2GF n⌫e specified in km 1 .

eta - The hierarchy parameter. Choose 1 for the normal hierarchy, and

1 for the

inverted hierarchy.
matter_profile - The specification of the matter profile. As of now, either no
matter profile or a flat matter profile can be specified. The flat matter profile sets
in the line model EoM equal to a constant through the whole x/z space.
matter_scale - If none is chosen, this must be set to 0. If flat is chosen then this
in units of km 1 .

specifies the value of

spectrum - As of now only a box spectrum can be chosen. This spectrum is a
constant value between ✓min < ✓ < ✓max . If delta_theta_flag is true, then the
spectrum is normalized such that
X

g(✓n ) = 1 and

n

X

ḡ(✓n ) = ↵.

n

If it is false then the spectrum is normalized such that
X

g(✓n ) ✓ = 1 and

n

X

ḡ(✓n ) ✓ = ↵.

n

alpha - The value for the unitless quantity ↵ = n⌫¯e /n⌫e .
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relative_error - The value for the relative error tolerance parameter utilized in
Eq. (A.5).
absolute_error - The value for the absolute error tolerance parameter utilized in
Eq. (A.5).
initial_delta_z - How big of a step size to try initially. This will be adaptively
changed as the solution evolves.
max_unitarity_violation - The code monitors the global value of ||P|2

1|, and

if it rises above the threshold value specified here then the code will terminate.
Initial Condition Parameters - The line model can be initialized using one of four
possible methods. The “bipolar”, “sine”, and “gauss” initial conditions are specified
without reference to a previous calculation. The “restart” initial condition requires
a file be specified in the config file utilizing the input_file_name config parameter.
epsilon - This governs the strength of the initial perturbation and is utilized by
the bipolar, sine, and gauss initial conditions. This must be greater than or equal
to 0. If epsilon is set to 0, a warning will be generated by the software, but it will
proceed. We will use the notation epsilon = ✏ in the subsequent discussion.
initial_condition - This specifies how to initialize the polarization vectors. The
config file parameters sine_moment, gauss_sigma_square, gauss_xmean, and, for a
restart, restart_z_bin should be commented out unless the relevant initial condition is specified here. The polarization vectors will be intialized using
h
i
p
2
P = ", 0, 1 "

where " is a function of x and utilizes the parameter ✏ specified in epsilon.
• If bipolar is chosen, the polarization vectors will be initialized using
"=✏
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• If sine is chosen, sine_moment should be uncommented and specified. We will
use sine_moment = m immediately below. The polarization vectors will be
initialized as above using
✓

" = ✏ 1 + 10

1

2⇡mx
sin(
)
L

◆

• If gauss is chosen, gauss_sigma_square and gauss_xmean will be utilized as
gauss_sigma_square =

2
x

and gauss_xmean = x̄. The polarization vectors

will be initialzed as above using
" = ✏e

(x x̄)2 /2

2
x

Note that this will not respect the boundary condition if x̄ is set too close to
the boundary.
• If restart is chosen, then restart_z_bin must be uncommented and specified.
restart_z_bin specifies which z bin to read from the input data file. Naturally,
it must be an integer greater than or equal to 0, but

1 can be utilized to

indicate the last z bin in the dataset.
file_name - This specifies the name of the file to write to. This should not include
the affix “.nc” in the file name, it will be appended automatically by the software.
time_stamp - This indicates whether or not to append a time stamp to the file
name. If true is chosen, a string will be appended to the file name with the format
YYYYMMDDhhmmss where YYYY is the four digit year, MM is the two digit numerical
month between 01 and 12, DD is the two digit day between 01 and 31, hh is the two
digit hour between 00 and 23, mm is the two digit minute between 00 and 59, and ss
is the two digit second between 00 and 59.
output_frequency - This controls the distance between successive writes to disk.
If -DDEBUG is used, then the distance between any two sequential snapshot writes
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zwrites = output_frequency. If it is not used, then output_frequency sets the
lower bound on distance between sequential disk snapshots.
Below is an example config file.
1 ###################

Line model config file .

2
3 # Maximum compute time in seconds .
4 # Comment this out for no maximum compute .
5 max_compute_time = 1000.0
6
7 ################### External file to read from
8 input_file_name = none
9
10 ################### Physical space parameters
11 z_initial = 0.0
12 z_final = 4.0
13
14 x_length = 10.0
15 x_bins = 1000
16
17 ################### Momentum space parameters
18 angle_bins = 2
19 minimum_theta = -0.78539816339

# - pi /4

20 maximum_theta =

#

0.78539816339

21 theta_delta_flag = true # true false
22
23 # energy value
24 energy_min = 10.0
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25
26 ################### Physical parameters
27
28 vacuum_angle = 0.0
29 mass_splitting = 2.5 e -15

# MeV ^2

30
31 mu = 20.0
32 eta = -1.0
33
34 ################### Matter profile parameters
35
36 matter_profile = none # none flat
37 # If none is chosen , matter_scale should be 0.0
38 # If flat is chosen ,
39 #

lambda = matter_scale in the whole space

40
41 # A parameter for setting the scale of
42 #

the matter profile .

43 matter_scale = 0.0
44
45 ################### Spectrum parameters
46 alpha = 0.6
47
48 spectrum = box
49
50 ################### Numerical parameters
51 relative_error = 1e -8
52 absolute_error = 1e -12
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53
54 initial_delta_z = 1e -10
55
56 max_unitarity_violation = 0.1
57
58 ################### Initial condition parameters
59 epsilon = 1.0 e -3
60
61 # NOTE : Available options :
62 #

bipolar sine gauss restart

63
64 initial_condition = sine
65
66 sine_moment = 1
67 # NOTE :

Should be an integer

68
69 # gauss_sigma_square = 0.1
70 # gauss_xmean = 5.0
71
72 # NOTE : Will restart from input_file_name
73 #

and create a new file to write into

74 # -1 for last z - bin in . nc file ,
75 # otherwise must specify bin .
76
77 # restart_z_bin = -1
78
79 ################### File output parameters
80 #

WARNING :

OVERWRITE WILL OCCUR IF
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81 #

FILE NAME CREATED ALREADY EXISTS .

82 #

USE TIME STAMP FOR SAFETY

83
84 file_name = sineTest
85
86 time_stamp = true
87 #

Set to false or comment the time_stamp line

88 #

out for no time stamp .

89
90 output_frequency = 1e -2
91
92 ################### END OF CONFIG FILE

A comment on restarting a calculation
If a restart is utilized, its important to use the exact same numerical and physical
parameters including number of bins in x and ✓, and the same values for µ, ⌘,

m2

and the vacuum mixing angle ✓vac , as well as the same matter profile. If a restart
is specified and these parameters are not all equal to those specified in the input
dataset, the run will fail.

B.1.2

The line model data file

In this subsection we will present the data structure of the line model version of our
simulation software. To illustrate the data structure, I chose a sine initial condition
with sine_moment = 10.
In a Linux system with the NetCDF C library installed, the metadata of a
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NetCDF file can be read using the command: ncdump -h filename.nc where “filename” should be suitably replaced with the target file in question. Below we present
the metadata for our test calculation, and we will subsequently discuss the data
structure by referencing the presented metadata.
1

netcdf sineTest {

2 dimensions :
3

zPos = UNLIMITED ; // (402 currently )

4

xPos = 1000 ;

5

theta = 2 ;

6

energy = 2 ;

7 variables :
8

double P1 ( zPos , xPos , theta , energy ) ;

9

double P2 ( zPos , xPos , theta , energy ) ;

10

double P3 ( zPos , xPos , theta , energy ) ;

11

double zPos ( zPos ) ;

12

double xPos ( xPos ) ;

13

double theta ( theta ) ;

14

double momentum ( theta , energy ) ;

15

double spectrum ( theta , energy ) ;

16

double stepSize ( zPos ) ;

17

int total_steps ( zPos ) ;

18

int successful_steps ( zPos ) ;

19

double compute_time ( zPos ) ;

20
21 // global attributes :
22

: initial_condition = " sine " ;

23

: moment = 10. ;

24

: matter_profile = " none " ;
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25

: lambda_scale = 0. ;

26

: error = " spectral " ;

27

: theta_delta_function = " true " ;

28

: energy_delta_function = " true " ;

29

: mu = 20. ;

30

: vacuum_angle = 0. ;

31

: mass_splitting = 2.5 e -15 ;

32

: eta = -1. ;

33

: relative_error = 1. e -08 ;
Dimensions - Describes the integer sizes of the available dimensions for the arrays
in the dataset.
zPos - This represents the z position dimension for the line model. In our dataset this
is the slowest dimension and is also unlimited. This simply means that the dataset
can expand along this dimension. This dimension currently has 402 elements.
xPos - This represents the x position dimension for the line model. The size of this
dimension is specified by the user in the config file when the calculation was initiated.
theta - This represents the ✓ momentum dimension for the line model.
energy - This represents the E momentum dimension for the line model. This
dimension indexes information for both the neutrino and antineutrino. How to
di↵erentiate them will be discussed below.
Variables - These are the data arrays containing the relevant simulation data in the
dataset. Each variables’ data type (double, int etc.) is indicated in the metadata
file, and the dimensions of the array are listed in parenthesis.
P1, P2, P3 - These three arrays represent the polarization vector values of the dense
neutrino gas at every spatial and momentum coordinate. They are the largest arrays
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in the dataset as they have data in all four relevant dimensions.
zPos - This is the array which holds the z position information. It only has one
dimension, zPos.
xPos - This is the array which holds the x position information.
theta - This is the array which holds the ✓ momentum information.
momentum - This array gives the value of the energy (the signed magnitude of the
momentum vector) in each theta and energy bin. If this value is negative for a
particular choice of ✓ and E indices then those indices correspond to an antineutrino,
and if it is positive then it corresponds to a neutrino.
spectrum - This array gives the spectrum information for each ✓ and E as it appears
in the interaction Hamiltonian.
stepSize - This array gives the value of

z of the last successful step before writing.

total_steps - This array gives the accumulated total number of steps which have
been proposed by the solver at each write. This is a simple integer with no units. The
last bin in this variable gives the total number attempted steps at the termination
of the run.
successful_steps - This array gives the total number of proposed steps which were
successful, i.e. resulted in an acceptable local error estimate. The last bin in this
variable gives the total number of successful steps at the termination of the run.
compute_time - This array gives the total compute time as of when it was written
to disk. The last bin in this variable gives the total compute time at the termination
of the run.
Global Attributes - These are attributes which give an overview of the calculational
parameters.
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initial_condition - The value of this attribute is a string which was specified in
the initial_condition parameter of the config file.

• Note: immediately after this attribute will be listed the relevant parameters
for the specified initial condition. In our example, the integer moment number
used in the calculation is given. Similar values will be provided for the gauss
and restart initial condition.

matter_profile - The value of this attribute is a string which was specified in the
matter_profile parameter of the config file.
lambda_scale - For no matter profile this should be 0 and for a flat matter profile
it will be the numerical value of the parameter matter_scale in the config file.
theta_delta_function - This indicates whether the simulation was run with the
discrete beam approximation described above.
energy_delta_function - This indicates whether the simulation was run with the
discrete energy approximation. For the monochromatic case it will always be “true”.
mu - This gives the numerical value of the parameter µ as specified by the user in the
config file.
vacuum_angle - This gives the value of the two-flavor vacuum mixing angle which
was used in the calculation.
mass_splitting - This gives the value of

m2 which was used in the calculation.

eta - This gives the value of the ⌘ hierarchy parameter which is ±1 as in the previous
text.
relative_error - This provides the relative error tolerance which was specified by
the user in the config file.
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B.2

The Ring Model

This version of the code solves the two beam, multi-energy ring model as presented
in Ch. 4. When compiled, the executable is named ringSolver. If MPI functionality
is desired, compile this version of the code with compiler flag -DRMMPI.

B.2.1

Ring model config file

As most of the parameters in the ring model config file are functionally identical to
what is discussed in subsec. B.1.1, we will discuss only those parameters which are
unique to, or di↵er in, this version of the software.
neutrino_sphere_radius - This sets the radius of the initial emission ring in km.
In Ch. 4 this value is denoted R⌫ .
phi_bins - This is the number of bins in the

dimension.

• Note: There is no equivalent parameter to x_length as

max

= 2⇡ is deter-

mined by the universe not the user.
energy_bins - The behavior of the energy bins is di↵erent in this case from the
line model. As this is used for multi-energy calculations, the number of energy bins
specified here is the number of bins in just the neutrino component. The code will
utilize this number of bins to describe both the neutrino and antineutrino energies,
so the total number of energy bins used by the calculation and written to disk will
be twice what is specified here. This will be discussed in more detail in the section
on the energy spectrum.
energy_delta_flag - This determines whether to treat the energy spectrum as a
discrete approximation of a continuous distribution or as a series of delta functions
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in energy.
minimum_sin_theta - This represents the lower value of
component of the velocity. Negative numbers are v

1 < v

< 1, the

to the right (or clockwise)

of the local radial direction. Positive numbers are to the left (or counterclockwise).
maximum_sin_theta - This represents the larger value of

1 < v < 1. Furthermore,

this value must be strictly greater than minimum_sin_theta.
mu0 - This is the value of the neutrino density parameter µ at r = R⌫ . The e↵ective
value of µ will decrease as the r increases due to geometric e↵ects as discussed in
Ch. 4.
spectrum - This specifies the spectrum.
• If box is chosen then the energy spectrum is populated with a constant value
between energy_min and energy_max. It is normalized such that the integral
over the neutrino energies is equal to 1/2, thus the sum over both velocity
modes is 1. The antineutrino spectrum is similarly constructed but normalized
to the value specified in alpha.
• If thermal is chosen, energy_delta_flag must be set to false. Furthermore,
the energy spectrum will be populated as in Eq. (4.14). This also requires the
following config file parameters be user specified:
– alpha
– zeta
– zeta_bar
– neu_e_temp
– anti_neu_e_temp
– neu_tau_temp

117

Appendix B. Software Implementation
– anti_neu_tau_temp
– neu_e_xi
– anti_neu_e_xi
– neu_tau_xi
– anti_neu_tau_xi
If these are left unspecified and spectrum = thermal, the run will fail.
alpha - This is the value of n⌫¯e /n⌫e .
zeta - This is the value of n⌫⌧ /n⌫e .
zeta_bar - This is the value of n⌫¯⌧ /n⌫e .
neu_e_temp - This is the e↵ective ⌫e temperature for use in the Fermi-Dirac spectrum.
anti_neu_e_temp - This is the e↵ective ⌫¯e temperature for use in the Fermi-Dirac
spectrum.
neu_tau_temp - This is the e↵ective ⌫⌧ temperature for use in the Fermi-Dirac
spectrum.
anti_neu_tau_temp - This is the e↵ective ⌫¯⌧ temperature for use in the Fermi-Dirac
spectrum.
neu_e_xi - This is the e↵ective degeneracy parameter ⇠⌫e for use in the Fermi-Dirac
spectrum.
anti_neu_e_xi - This is the e↵ective degeneracy parameter ⇠⌫¯e for use in the FermiDirac spectrum.
neu_tau_xi - This is the e↵ective degeneracy parameter ⇠⌫⌧ for use in the FermiDirac spectrum.
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anti_neu_tau_xi - This is the e↵ective degeneracy parameter ⇠⌫¯⌧ for use in the
Fermi-Dirac spectrum.
initial_condition - As this model develops radially, we have referred to a rotationally symmetric initial condition as uniform rather than bipolar.
• Note: While the uniform and sine initial conditions are functionally idential
to their line model counterparts, the gauss initial condition is di↵erent.
• gauss - This requires all of the following parameters be user specified:
2

– gauss_sigma_square - Corresponding to

below.

– gauss_phi_mean - Corresponding to ¯ below, this parameter must be
0 < ¯ < 2⇡.
– gauss_phase - Corresponding to ' below, this parameter must be 0 <
' < 2⇡.
– gauss_constant_shift - corresponding to

0

below.

– gauss_m1_shift_amplitude - corresponding to

1

below.

Once gauss has been chosen and the parameters appropriately specified, this
initial condition will be initialized as
h
p
P = " cos('), " sin('), 1
" = ✏e

(

¯ )2 /2

2

+

0

+

1

"2

i

and

sin( )

The rest of the parameters in the config file operate identically to their line model
counterparts.
1 ###################

Ring model config file .

2
3 # Maximum compute time in seconds .
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4 # Comment this out for no maximum compute .
5 max_compute_time = 1000.0
6
7 ################### External file to read from
8
9 input_file_name = none
10
11 ################### Physical space parameters
12
13 neutrino_sphere_radius = 10.0

# km

14
15 r_initial = 100.0 # km
16 r_final = 110.0 # km
17
18 phi_bins = 100
19
20 ################### Momentum space parameters
21 #

WARNING :

THE TRUE NUMBER OF ENERGY BINS

22 #

IN THE CALCULATION WILL BE TWICE

23 #

THIS NUMBER .

24
25 energy_bins = 64
26 energy_delta_flag = false
27
28 minimum_sin_theta = -0.70710678
29 maximum_sin_theta =

0.70710678 # sin ( pi /4)

30
31 ################### Physical parameters
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32 vacuum_angle = 0.15

# theta 1/3 est .

33 mass_splitting = 2.5 e -15

# MeV ^2

34
35 mu0 = 5.0 e4
36 eta = -1.0
37
38 ################### Matter profile parameters
39 matter_profile = none # none flat
40 # If none is chosen , matter_scale should be 0.0
41
42 # A parameter for setting the scale
43 # of the matter profile .
44 matter_scale = 0.0
45
46 ################### Spectrum parameters
47 spectrum = box # thermal
48
49 # the range of energies to bin
50 # for both neutrinos and antineutrinos .
51 energy_min =

10.0

# MeV

52 energy_max =

75.0

# MeV

53
54 # neutrino fractions when electron neutrino
55 # energy spectrum is normalized to 1
56 alpha = 0.8

# electron antineutrino fraction

57 zeta = 0.4

# tau neutrino fraction

58 zeta_bar = 0.4

# tau antineutrino fraction

59
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60 # Neutrino temperatures
61 neu_e_temp = 2.76

# MeV

62 anti_neu_e_temp = 4.01
63 neu_tau_temp = 6.26

# MeV

# MeV

64 anti_neu_tau_temp = 6.26

# MeV

65
66 # degeneracy parameters
67 neu_e_xi = 3.0
68 anti_neu_e_xi = 3.0
69 neu_tau_xi = 3.0
70 anti_neu_tau_xi = 3.0
71
72 ################### Numerical solver parameters
73 relative_error = 1e -8
74 absolute_error = 1e -20
75
76 initial_delta_r = 1e -10
77
78 max_unitarity_violation = 0.1
79
80 ################### Initial condition parameters
81 epsilon = 1.0 e -3
82
83 initial_condition = gauss # uniform sine gauss
84
85 # sine_moment = 1.0
86
87 gauss_sigma_square = 0.1
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88 gauss_phi_mean = 3.1415926
89 gauss_phase = 0.0
90 gauss_constant_shift = 1.0 e -3
91 gauss_m1_shift_amplitude = 1.0 e -4
92
93 # NOTE : Will restart from input_file_name
94 # restart_r_bin = -1
95
96 ################### File output parameters
97 #

WARNING :

OVERWRITE WILL OCCUR IF

98 #

FILE NAME CREATED ALREADY EXISTS .

99 #

USE TIME STAMP FOR SAFETY

100
101 file_name = ringModel_Test1
102
103 time_stamp = true
104 #

Set to false or comment the time_stamp line

105 #

out for no time stamp .

106
107 output_frequency = 1.0 e -1
108
109 ################### END OF CONFIG FILE ###################

B.2.2

The ring model data file

The dataset that the ring model version of the software writes to is structurely
identical to that of the line model. A user who is familiar with both the line model
and ring model geometries and is also familiar with the line model data file will have
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no difficulty in parsing the structure of the ring model data file. The variables and
dimensions are straightforwardly renamed from their line model counterparts. I.e.
zPos becomes rPos, xPos becomes phi, and so forth.

B.3

The Dynamic Model

This version of the code solves the multi-angle, multi-energy dynamic, axially symmetric model. When compiled, the executable is named timeLine. Currently no
MPI functionality is enabled in this version of the software.

B.3.1

Dynamic model config file

Most of the settings in this config file are straightforwardly inferred from the structure
of the line model config file in section B.1.1. However the energy binning follows the
ring model, and the dynamic model has a unique implemented spectrum.
vz_bins - The number of bins describing the projections of the neutrino and antineutrino momenta along the z axis. If vz_bins is 1, the value of the single vz bin
will be the value of minimum_vz.
minimum_vz, maximum_vz - The minimum and maximum momentum projections
along the z axis.
energy_bins - This is the number of bins used to describe the energies of the
neutrino. The antineutrino will use the same number of bins, so the total number of
energy bins in the calculation will be twice the number specified here. If energy_bins
is 1, then the energy in that bin will be given by energy_min.
energy_min, energy_max - These represent the maximum and minimum energies
for the neutrinos and antineutrinos.
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spectrum - The dynamic model has both multi-energy and multi-velocity spectra
enabled. The box spectrum is normalized to one when summed (or integrated)
across both vz and E.
• two_gauss - This spectrum requires following parameters be user specified.
We will implement the values (and will reference them with the corresponding
symbol)
– alpha - ↵
– vz_mean_1 - v̄z,1
– vz_sigma_1 -

2
1

– vz_mean_2 - v̄z,2
– vz_sigma_2 -

2
2

Using the above parameters, the angular spectrum will be initialized as
g(vz ) = N1 e

(vz v̄z,1 )2 /2

2
1

and ḡ(vz ) = ↵N2 e

(vz v̄z,2 )2 /2

2
2

In this expression, N1 is chosen such that the integral over the phase space is
equal to 1, and similarly N2 is such that ḡ integrates over the phase space to
↵.
1 ###################

dynamic model config file .

2
3 # Maximum compute time in seconds .
4 # Comment this out for no maximum compute .
5 max_compute_time = 1000.0
6
7 ################### External file to read from
8 input_file_name = none
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9
10 ################### Physical space parameters
11 t_initial = 0.0
12 t_final = 1200.0
13
14 z_length = 2400.0
15 z_bins = 48000
16
17 ################### Momentum space parameters
18 vz_bins = 100
19 vz_delta_flag = false
20
21 # If vz_bins = 1 , then the single value of vz
22 # is given by minimum_vz
23
24 minimum_vz = -1.0
25 maximum_vz =

1.0

26
27 energy_bins = 1
28 energy_delta_flag = true
29
30 # if energy_bins = 1 , the energy
31 # will be given by energy_min
32 # This is the range of energies to bin for
33 # both neutrinos and antineutrinos .
34 energy_min =

10.0

35 energy_max =

100.0

# MeV
# MeV

36
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37 ################### Physical parameters
38 vacuum_angle = 0.0
39 mass_splitting = 0.0

# MeV ^2

40
41 mu = 1.0
42 eta = 1.0
43
44 ################### Matter profile parameters
45
46 matter_profile = none # none
47 # Right now there is no implemented
48 # matter profile .

use none

49
50 matter_scale = 0.0
51 # A parameter for setting the relative
52 # scale of the matter profile .
53
54 ################### Spectrum parameters
55
56 spectrum = two_gauss # box two_gauss
57
58 alpha = 0.92
59
60 # vz_mean_1 = 1.0
61 # vz_sigma_1 = 0.6
62 # vz_mean_2 = 1.0
63 # vz_sigma_2 = 0.53
64
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65 ################### Numerical parameters
66
67 relative_error = 1e -8
68 absolute_error = 1e -14
69
70 initial_delta_t = 1e -10
71
72 max_unitarity_violation = 0.1
73
74 ################### Initial condition parameters
75 epsilon = 0.866
76
77 # NOTE : Available options :
78 #

bipolar sine gauss restart

79
80 initial_condition = bipolar
81
82 # sine_moment = 100.0
83 # NOTE :

Should be an integer

84
85 # gauss_sigma_square = 0.1
86 # gauss_z_mean = 5.0
87
88 # NOTE : Will restart from input_file_name
89 # -1 for last bin in . nc file ,
90 # otherwise must specify bin .
91
92 # restart_t_bin = -1
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93 # new_file = true
94
95 ################### File output parameters
96 #

WARNING :

OVERWRITE WILL OCCUR IF

97 #

FILE NAME CREATED

98 #

ALREADY EXISTS . USE TIME STAMP

99 #

FOR SAFETY

100
101 file_name = dynModel_Test1
102
103 # time_stamp = true
104
105 output_frequency = 1.0 e -1
106
107 ################### END OF CONFIG FILE

B.3.2

The dynamic axial model data file

The dataset that the dynamic axial model version of the software writes to is also
structurally identical to that of the line model. A user who is familiar with both the
line model and dynamic model geometries and is also familiar with the line model
data file will have no difficulty in parsing the structure of this data file. The variables
and dimensions are straightforwardly renamed from their line model counterparts.
I.e. zPos becomes time, xPos becomes zPos, and so forth.
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B.4

Error Handling

There are two methods by which the error can be estimated. The first is chosen by
selection the -DERR0 compiler flag when compiling. In this case, the the local error
is estimated using Eq. (A.5) in ech polarization vector component at in each grid
point (x for the line model etc.) and every momentum coordinate (✓ and E for the
line model). The largest global value is then taken for the error estimate.
If -DERR1 is chosen, the local error at each grid point is calculated using
Z Z
1 L
P(n+1) P(n+1/2+1/2)
"=
|g(~p)|d3 p~dx.
L 0 p~
✏abs + ✏rel |P|
This estimates the local error using the described step doubling method, then sums
the absolute value of the error in every momentum and grid coordinate weighted
by the absolute value of the spectrum (the integral over momentum space should
be taken to include negative energies for antineutrinos) and then averages over the
whole grid space (x for the line model,

for the ring model, and z for the dynamic

axial model. L in the above should be chosen to be the total length of the relevant
grid space.)
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